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Abstract 



The state space and observables for the leading order of the large-iV theory are constructed. 
The obtained model ("theory of infinite number of fields") is shown to obey Wightman-type axioms 
(including invariance under boost transformations) and to be nontrivial (there are scattering processes, 
bound states, unstable particles etc). The considered class of exactly solvable relativistic quantum 
models involves good examples of theories containing such difficulties as volume divergences associated 
with the Haag theorem, Stueckelberg divergences and infinite renormalization of the wave function. 
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1 Introduction 

Large-N expansion is widely used in quantum field theory |I|, 0, [|. This approximation allows us to 
obtain non-perturbative results and investigate the behavior of the Green functions, the effective action, 
dynamical and spontaneous symmetry breaking. 

The traditional approaches to the 1/N-expansion enable us to evaluate different quantities mentioned 
above. However, some problems of the large-N theories remain to be understood. What are states and 
observables in the theory of infinite number of fields? Can one determine such a theory as a large-N limit? 

From the axiomatic field theory point of view 0, H, §, the relativistic quantum field theory is con- 
structed if: 

(i) the Hilbert state space TL is specified; 

(ii) the operators U g : Ti — ► Ti corresponding to the Poincare transformations g are specified; the group 
property U gt U g2 = U gig2 is satisfied; 

(iii) the field operators are constructed. 

The introduced objects should obey certain (Wightman-type) axioms. 

It happens that the axiomatic formulation of the large-N QFT can be obtained within the third- 
quantized approach developed recently in [[/]]. It is interesting that the large-N limit of QFT may be 
viewed as a theory of a variable number of fields. This is analogous to the statistical physics: the system 
of a large but fixed number of particles can be considered as a set of quasiparticles which can be created 
and annihilated. Analogously, the large-N field system can be treated from the "quasifield" point of view: 
there is an amplitude that there are no fields, that there is one field, two fields etc. Thus, the large-N limit 
of QFT is not a field theory in the usual treatment since one cannot define usual field operators, However, 
the property of the relativistic invariance remains. Moreover, we will introduce the analog of notion of 
field which is very useful for constructing boost transformations. 

The models of infinite number of fields constructed in this paper seem to be remarkable from the point 
of view of the constructive field theory || § . The old problem of QFT is to construct the nontrivial model 
of field theory obeying all Wightman axioms. Such examples were constructed for the cases of 2- and 
3-dimensional space-time. The models presented here are considered in higher dimensions. 

The models considered in this paper are good examples of theories that contain such difficulties as 



Stueckelberg divergences [ID and volume divergences associated with the Haag theorem. There was a 
hypothesis [§] that the models with the Stueckelberg divergences cannot be constructed with the help of 
the Hamiltonian methods. However, we show this hypothesis to be not correct. 

This paper is organized as follows. 

As an example, we consider the X(ip a ip a ) 2 model in (d+l)-dimensional space-time with the following 
Lagrangian: 

we sum over repeated indices a = 1,...,N, ft = 0,...,d. In section II the N = oo-limit of the model 
is heuristically constructed. The Hamiltonian, momentum, angular momentum and boost generator are 
presented. It is heuristically shown that they formally obey usual commutation relations of the Poincare 
algebra. However, the divergences shows us that the obtained expressions are not mathematically well- 
defined. 

Section III is devoted to the problem of renormalization of the Hamiltonian. The momentum and 
angular momentum are also investigated in section III. The spectral and vacuum axioms are checked. 

It is not easy to construct operators of boost transformation (Lorentz rotation) and check the group 
properties. It is convenient first to introduce the composed field being an analog of the large-N operator 
Y.a=i ( f a { x i)--- ( P a { x k)- Such operators (multifields) being analogs of fields of ordinary QFT are constructed 
in section IV. They are shown to be operator distributions. The cyclic property of the vacuum state is 
checked. The invariance of multifields under spatial rotations and space-time translations is checked. 



Section V deals with construction of the operator of boost transformation. This allows us to construct 
the representation of the Poincare group and check the relativistic invariance of the theory. The results of 
section IV are essentially used. 

Section VI contains concluding remarks. 

2 What is a theory of infinite number of fields? 

This section deals with investigation of the theory of N fields, ip 1 , ..., <p N as N — > oo. Such models were 
considered in context of calculations of physical quantities such as Green functions. It seems to be useful 
to formulate the N = oo-theory: to determine the state space, Poincare transformations, field operators 
etc. 

2.1 Multifield canonical operator 

In the functional Schrodinger representation states of the iV-field system at time t are specified by the 
functionals \l/^ v [(/9 1 (-), ..., <f N (-)] depending on the field configurations (p l (x),..., ip N {x), x = (xx, ..., x<j). The 
inner product is formally written via the functional integral 

(^ N ,^ N ) = J D^...Dp N \^ N [ V \.),..., V N (-)]\ 2 . 

The evolution equation has the form 

ij t % = n N ¥ N (i) 

with the Hamiltonian presented as a sum of the free Hamiltonian and interaction 

1 5 2 1,_ , m 2 „ A 



Hn = / dx. 



-(V^)(x)(V^)(x) + — ^(x)^(x) + (^(x)^(x)) 



2 <fy>°(x)<fy> a (x) 2 y r Jy /v r /v ' 2 r y Jr y ' AN 



(2) 



If one considers states of a few number of particles in comparison with N, one can suppose that almost all 
fields are in the vacuum state. This treatment leads us to the following structure of the wave functional 
\E^y. If all fields y^ 1 ,..., <p N are in the same (vacuum) state, the iV-field state \&jv is 

<M^(.),...,<A-)] = c*o[^(0]-*o[^(0]- (3) 

If (JV — 1) fields are in the state <J>o> while 1 field is in the state /i, the iV-field state can be written as 

1 N 
vW a=1 

Without loss of generality, one can suppose that ($o,/i) = 0. Otherwise, one could decompose the 
functional f\ into two parts, one of them being proportional to $cb another being orthogonal to $o- The 
case /i = const^o does not lead to a new functional since expressions (|3]) and (f|) coincide then. 

Analogously, the state corresponding to (N — k) fields in the vacuum state and k fields in the state 
fki'fi 1 , ■■■, <p k ) being symmetric with respect to transpositions of ip 1 , ..., p k and satisfying the orthogonality 
condition 

JD<p 1 *i[<p\.)]f k [<p\.),...,<f{.)]=0 (5) 

has the form 

^ n [ V \.),..., v n (.)] = ^i= y, fk[^{-i..,^{-)\ n $ o[^(-)i- (6) 

ViV fc! i< ai ^...^ afc <AT a^ai...a k 



Finally, one can consider the superposition of states (|6|) with rapidly decreasing at k — > oo set of norms 
||/fc||. This is the most general form of a state "with a few number of particles", provided that one takes 
into account symmetric functionals \l/ only. Nonsymmetric functionals are investigated in appendix B. 
We see that symmetric states in the theory of a large number of fields occur to be specified by infinite 

sets 



./ 



/ /o 

AM-)] 
/*[^(0,..-,^(0] 



\ 



V 



(7) 



/ 



where fj. are symmetric functionals satisfying eq.([5]). One can say that fk is a probability amplitude that 
k fields are in the non-vacuum state. We see that the theory of a large number of fields is equivalent to 
the theory of a variable number of fields. This observation is analogous to the quasiparticle conception in 
statistical physics. 

The mapping K^ : / \— > ^ n of the form 



N 



(W)[^(-),...,^(-)] = E 



i 



fe=0 VN"k\ l< ai ^...^a k <N 



<P 



ttfci 



■)] n Mv a (-)} 



aj=a\...a h 



will be called as a multifield canonical operator analogously to the multiparticle canonical operator used 
in statistical physics |7|]. The orthogonality condition (||) implies that 



N 



N\ 



Ifrv/H 2 = £ »„,»/ ,.J I/*l' g 



fc=0 



N k (N-k)\ 



►iV-KW 2_^ \\fk\ 
fe=0 



(9) 



We see that sets (|7]) may be identified with states of the system of iV = oo fields, while the relation (|]) 
can be considered as an argument that the norm of a state should be chosen as 

oo 

ii/ir = £ii/*ii a - 

fc=0 

Thus, decomposition flD gives us a relationship between the theory of a large number of fields and the 
theory of a variable number of fields. 



2.2 Representation of operators 

Let us write operators of physical quantities in the representation (0). It will be convenient to present them 
via the third-quantized creation and annihilation operators which can be introduced as follows J!]]. The 
creation operator t4 + [(^(-)] increases the number of fields, i.e. transforms the set / = (0, 0, ..., 0, fk-i, 0, ...) 
into (0,...,0, (A + [(p(-)]f) k ,0, ...), The functional (A + [(p(-)]f) k [(p 1 (-), ..., (f k (-)] being the fc-th component of 
the set (A + [(p(-)]f) is expressed via the (k — l)-th component of /: 



V k a=1 
The annihilation operator A~ [</?(■)] is 



),...,^(-)]. (10) 



11} 



The condition (|^) is not invariant under transformations (|To|) , (|TT|). Consider the modified creation and 
annihilation operators: 



A+[cp(-)] = A+[p{.)] - %[p{.)} J D0$ o [0(-)]A+[0(-)] 
A-[p(.)] = A-[p{.)] - *„[¥>(•)] [ D<l*i[<K.)]A-[<K.)] 



To write operators in the representation (^), consider the orthonormal basis ($>o,$>i, ...) in the space of 
functionals, 

which contains the vacuum functional $o entering to expression (|8]). Investigate the following "elementary" 
operators 

N r 

o^V(-), ..., ^(.)] = E Mv a (-)] I D^*[4>{-)]^[f\-l ..., ^- 1 (-), *(■), ^ a+1 (-), -, ^(01- (12) 

a=l 

Apply them to the expression ([|). It is necessary to distinguish 4 cases. 
(i)i = j = 0. 
Due to the condition fl5|), one has 

(o%°K N f)[ ¥ >\.),..., ¥ > N (.)] = j:(N-k)^L= e /*[^(.),...,^(o] n *ob°(oi- 

fc=0 ViV fc! l< ai ^...^a fc <AT a^ai...a fc 

This means that the operator 0™ acts in the space (|7D as iV — n, i.e. 

<D™K N f = K N (N-h)f, 

where n = f DipA + [(p(-)]A~[(p(-)} is the operator of number of fields, 

(nf) k = kf k . 

(ii)z = 0,j^0. 

It follows from the symmetry condition that 

AT -1 k i 

fc=0 Viv ft! p=1 V/C l< ai ^...^a h <N 

x(|^i-[0(-)]^^(-)]/) fe -i[^ i (-),---^ ap - i (-)^ ap+i (-) ) --^ a& (-)] n *o[^(oi- (13) 

a^=ai...a k 

After redefining ai = &i, ..., a p _i = 6 p _i, a p+ i = 6 P ,..., a^ = bk-i, a*: = b we obtain that the symbol X!fc can 
be substituted by k, while J2j transforms to (N — k + 1). Thus, one obtains the following commutation 
rule: 

C^K N f = K N (N-h)y=jD<f>A-[if>{')]^[<f f {')]f. 



<N 

(iii) z ^ 0, j = 0. 
Due to eq.([5]), we have 

N 1 

(C^^/)b 1 (0 > --.,^(0] = E-7^rf E /,[^(-),-,^ fc (-)] 

fc=o V A fe fc! i< ai ^...^ afc <AT 



x E *<fo B (0] II $ o[/(-)]- (14) 



After symmetrization the commutation rule takes the form 

0%K N f = K N VN J Ztyi+[0(.pi[0(-)]/. 

(iv) i ± 0, j ^ 0. 
Analogously, we find that 

^^/ = ^|^i + [^(-)]$,b(-)]/^^ + [0(-)]^[0(-)] 

Any operator can be represented via elementary operators (0). Consider an example. 
The operator J2a=i y2 a (x)y9 a (x) i s expressed as 

N oo . 

a=l *J=0 

Therefore, the following commutation rule takes place: 

N 

A J2 <p a {x)<p a {x)K N = K N Q N (x), 

o=l 

where the operator Qat(x) consists of the constant term of order O(N), the linear in creation-annihilation 
operators term of order 0(\fN) and the regular as N — > oo term which is quadratic in creation and 
annihilation operators: 



Qjv(x) = A(iV-n)($ o ,0(x)0(x)<l>o) + Av / iVy J D0A + [0(-)]0(x)0(x)$o[0(-)] 
+ ^(Ar-n)|D0i-[0(O]0(x)0(x)$*[0(O] + A| J D0i+[0(.)]0(x)0(x)i-[0(-)]. (15) 



2.3 Evolution equation at N = oo 

Analogously to the previous subsection, the operators Sa=i( vV°) 2 (x) and J2a=i(~ s a(J\ S a/ x \ ) can be also 
written in the representation (|7|). Since the Hamiltonian (Q) contains the considered operator expressions 
only, it can be also commuted with the multifield canonical operator, 

7~LnK n = K n Hn- 

The transformed Hamiltonian Ti^ is 



Hm = dx 



(N - n)($ , £ (x)$o) + VN / Dcj>A + [cj>{-)\£ {x)^[cj>{-)\ 



^(N -n) f D<p%[<f>(.)]S (x)A-[<f>(.)] + /^i + [0(-)]^o(x)i-[0(-)] + ^&n(*) 



(16) 



where 



Expression fll6|) contains the terms of order O(N), 0(N 1 ^ 2 ), 0(1) and the terms damping as N — > oo: 

n N = Nn° + N 1/2 n 1 + n 2 + o(N- 1/2 ). (17) 



The operator 7i° is a multiplication by the divergent c-number quantity 



H° = J rfx($ , £o(x)$ ) + \J rfx($ , 0(x)0(x)$ o ) 2 . 

As usual in QFT, the vacuum energy is set to zero by adding a constant to the Hamiltonian, so that the 
Hamiltonian is defined up to a constant, and the quantity 7i° can be neglected. 
The operator Ti 1 is a linear combination of creation and annihilation operators: 



with 



•)] 



dx 



n l = /D0i+[0(-)]z[0(-)]+ /D0i-[0(-)]z*[0(-)] 



1 5 Z 1 

2£0(x)50(x) 2 



--(V0(x)) 2 + m2 + A($ ^ 2(x)$o) ^( 



$o[0(-)]- 



The operator 7Y 1 vanishes if and only if 

Z = const^Q. 

We choose the functional $o to be a vacuum state functional for the field of the mass /i, 

^o [</>(■)] = constexp[-- / rfx0(x)^-A + /i 2 0(x)], 
so that eq.([T8|) will take the form 



(19) 
(20) 



/i 2 = m 2 + A($ o ,0 2 (x)$ o ). 

This is a well-known equation in the 1/iV-expansion theory (see, for example, ||). 

The remaining nonvanishing as N — > oo part of the Hamiltonian is quadratic in creation and annihi- 
lation operators, 



H = H 2 = J D4>A+[4>(-)} ■ fdx£{x) : A-[4>(-)} + -JdxQl(x). 
where : 6 := 6 - ($„, 0%), 

*(*) = \~I tT, ^77 n + ^(V0(x)) 2 + ^0 2 (x) 



(21) 



2 <ty(x)<ty(x) 2 



Qo(x) = / £>0(i + [0(-)] +i-[0(-)])^ 2 (x)$o[0(-)]- 



Since the term (pTj ) is the only term remaining as N = oo, one can say that the theory of N = oo fields 
is as follows. States in this theory are sets (|7]) obeying eq.(|5|). The Hamiltonian of the model has the form 
(|2"TD, the evolution equation is if = Hf. 

2.4 Representation of the Poincare algebra 

We have specified the state space of the theory of iV = oo fields and evolution operator. However, to 
construct the relativistic quantum theory, it is necessary to specify the operators U^ a corresponding to 
Poincare transformations 



x ■ 



K,x u + a* 



fi, v = 0, d, 



where the matrix A of Lorentz transformation satisfies the property 

A T SA = g 



(g = diag{l, — 1, — 1, ...}, A T is the matrix transposed to A). The composition law of the Poincare trans- 
formations is 

(Ai, oi)(A 2 , o 2 ) = (AiA 2 , 01 + A102), 

so that any Poincare transformation can be presented as (A, a) = (0,a)(A, 0). Furthermore, one can 
introduce the local coordinates 6\^ (A, \i = l,d, 6\^ = — # m a) on the Lorentz group 0, such that 

A = eM^A) 

with 

(l x % = -g*6$ + g pa 5 x . 

The operators U\ >a are required to form the representation of the Poincare group, so that 

UA 1 ,aiU\ 2) a 2 = t/(Ai,ai)(A2,a 2 ) 

Making use of the theory of representations of the Lie groups, one finds || 

U A>a = exp(zP%) exp(^M A ^ A/i ) 
for some operators P p and M Am obeying the commutation relations of the Poincare algebra 

[p\ p>] = 0, [M v , P v ] = i{g pu P x - g Xv P^), 

[M A ^, M pa \ = -i(g xp M pa - g^M Xu + g^ M xp - g Xa M pp ) (22) 

Let us construct the operators P x and M Am for the N = oo-theory. For the iV-field theory, one has P~5| ] : 

P£ = J <*x7#°(x), M% x = J dx(a^°(x) - x A T^°(x)), 

where we integrate over surface x° = 0, while 

1 r) 2 1 m 2 A 

T " (X) = l V(x)V(x) + 2 (V ^ )(X)(V ^ )(X) + T^ (x) ^ a(x) + T^(^W^(x)) 2 , 

AT -I r 

^ fco (x) = 5:(9V a (x)--^--) 

Let us commute these operators with the multifield canonical operator, 

V%K N = K N V», M%K N = K N M%, 
expand the result in 1/N: 

fi p = NV P >° + N 1/2 V^ 1 + V p ' 2 + ..., M% = NM^'° + N l/2 M^ 1 + M^' 2 + ... 

It will be shown that the operators P^'°, P^' 1 , M.^' , M. pv ' 1 vanish, so that the remaining nonvanishing 

at N = 00 parts 

pv = fin, 2 ]\/[v- v = j\/[^ u ' 2 

should be viewed as generators of Poincare transformations in the N = oo-theory. 

Remind also that the operator V% = H has been already constructed in the previous subsection. 
Consider the operator 

r N IS 

»4 = /*E^W 7W 



After commuting with multifield canonical operator, one has 

^.° = (* 0) |dx^(x)i^* ), 

^ fc ' 1 = /^(i + [0(O]^[0(O]+^"[^(O]^WO]) ) (23) 

where 



Since $o has been chosen to be a vacuum functional for the field of the mass /i, while the operator 
J dxd k <p(x.)^ s J (x) is a momentum operator for the functional Schrodinger representation, one has Z k = 0, 
fkfi = 0) pk,i = o. Thus, the operator 

p k = p fc ,2 = J D<f ,A + [<f>{')] : J dxd k <f>(x)±-^— : I+[0(.)] (24) 



can be viewed as a momentum operator in the N = oo theory. 
Analogously, we find that 



M ml = M mh2 = J D<j)A+ ■[(/){•)] : [ dx(x m &<j>(x) -x'9 m 0(x))-— — : A~ [</>(■)]. (25) 

The boost operator presented as 

M k0 = J dxx k T 00 (x) 

after commuting with the multiparticle canonical operator gives us: 

M k0 >° = Jdxx k ($°,£ (x)$ ) + ^|rfxx fc ($o,0(x)0(x)$ o ). 

Since the integrand is an odd function with respect to x m , it seems to be natural that _M m0 '° = 0. The 
operator J\A k0,1 has the structure (J2^) with 

Z*[0(.)]=/dxx fc £(x)$o[0(.)]. 
Since the vacuum state $o is invariant under boost transformations, while 

dx.x k £(x) 
is a boost generator, one has Z k = and .M '* = 0. The remaining term is 

M k0 = M k0 ' 2 = J D(/>A + '[(/)(■)] J dxx k : £(x) : i _ [0(-)] + - J dxx k Q 2 (x). (26) 



The commutation relations fl22|) are formally satisfied. Namely, the operators ([H|), p4]), (|25|), ( p6|) can be 
presented as 

H = H + XH U P k = P k , 

M k0 = M k0 + XM k0 , M kl = M kl . (27) 



For A = - case, the check of relations (p2|) is identical to the standard check of the Poincare invariance 
of the free quantum field theory. For general case, it is sufficiently to justify the following commutation 
relations: 

[H u P k ]=0, [H u M kl ]=0, (28) 



{M*°,pi] = -ig kl H 1 , 



(29) 
(30) 
(31) 



[Mf, M mn ] = -i{g km M? n - g kn M° m ). 
[Mf, M[°] = 0, [Mf, Hj] = 0, 

[Mf, # ] + [Mjf , Hi] = 0, [Mf , Af*°] + [M fc0 , M{°] = 0. 
It is straightforward to check that 

[i* Qo(x)] = -i&Qo(x), [M mn , Qo(x)] = -*(x m «9" - x^ m )Q (x). 

We obtain relations (|28|) and (p5| ) then. Eqs. ( ^D]) are corollaries of the property [Q(x),Q(y)] = 0. The 
relation [£(x), Qo(y)] ~ 5(x — y) imply eg. (|31~D . Thus, the formal Poincare invariance is checked. However, 
the divergences and renormalization have not been considered yet. 



2.5 Mode decomposition 

We have specified states of the N = oo-theory as sets 

/ /o 

/ 



/ fe [^(-),. ..,/(-)] 



V 



(32) 



of symmetric functionals fkif 1 , ■■-, f k } satisfying relation ([ 

oo „ 

Y, J Dif...Dtf\f[<?[ 



J 
such that 

,-V(-)]| 2 <oc 



fc=0' 



However, this definition is ill-defined since the measure of functional integration is not determined math- 
ematically. Instead of constructing the measure, it is convenient to use another representation for the 
A;-field functionals. 

Consider the basis functionals 



» 



*EU>(0] 



i 



^- a k n *ob(0 



n = 1,2,3, 



(33) 



corresponding to n particles with momenta ki, ..., k ra . The operators a^ are usual quantum field creation 
operators: 



1 



(27r) d /2 



dxe 



°kx 



\l y^( x ) 



8 



y/2u^8(p(x) 

with Uk = v / k 2 ~+~/?. Integrating by parts and using the commutation relations between creation and 
annihilation operators, we find that the inner product (|l|) for the functionals ([33]) has the form 

» <3>M 



(<L k „^t P J = ^E^(ki - p^-AK - P.J, 

a. - 



(34) 



the sum is taken over all transpositions of indices l,...,n. Eqs. ([34]) can be viewed as a definition of the 
functional integral (0). 

Decompose the functional fk satisfying eq.(|) as 

oo „ 

h...i k =i j i & 'i i k 



10 



One can uniquely specify the set fl32[) of functional by specifying the set of functionals 

ek 

Jl 1 ;p 1 1 ...pl i ;...l k ,p k 1 ...pf k 



(35) 



being symmetric under transpositions of p™ and p™, as well as under transpositions of sets Z m ,p™...p^ 
and Z s , pf ...pf s . The quantity ||/|| 2 can be presented as 



oo oo 



E E /^Pi-^ 1 1 -^Pl-^Ptl/h;pi...p-..i fe ,pJ...pf I 
k=0h...l k =l J h ' k 



fe=U11...6fe= 

Creation and annihilation operators can be decomposed as 



A + H-)] = E /^l-^n4t k „[^(-)]< ( l„- 
n=0 
oo „ 



(36) 



n=0' 



±(n) 



The operators A k ^_' kn defined as 

create (annihilate) the field in the n-particle state with momenta ki, ..., k n . They are invariant under 
transpositions of momenta k 1; ..., k n and obey the ordinary canonical commutation relations: 



[a%X, 4KJ = o. i^tL < ( : } P J = o, m ± 

[^S^^iJ = ^E^(ki - Pffl )...5(k n - p.j. 



?? 



(37) 
(38) 



Any vector / can be written via creation operators and vacuum state 



10 >= 






V... 



(39) 



as follows: 



OO -| oo - 

/ = Y —^ Y \ dp\...dp) ...dp*.. dp* fj* i i , nk n „ A + [ h) x ...A + i lk) k 10 > 

i— n V rv- i, i, —t J l k ! fc 



fc=0 V <v. j 1 .„j fc =i 

Making use of the quantum field theory formulas 



(x)$r 



: / <ix£(x) : = / dlau k a k a k . 
dk dp ^_ i(k+p) 



(2vr) d 7 v^Z^v^Z^ 



r " "' x a£aJ$ , 



(40) 



one transforms expression (|2l ) to the following form: 

oo - 

# = E / ^.A^lK + ... + *04£k 



ra=l 



- [dx(^ f S= ^ (At^e-^^ + A-$/(^> 



2n) d J ^EJ^^EJ^ 



(41) 



11 



Analogously, 

CO „ 

P l = £ I dk^dKA^iM + - + k l n )A^X 

n=l 

OO TV Q O 

M ml = E f dk^dkjgx XK*^ " C W^ 

M lo = y t /k 1 ...dk n A+ (n) k y^ k ^V + ? -^)A- (n) k 

+ i/^'((#/^r^« ( 2-" ,k ' +fe,x+ -<^' ,k,+fe)x )) 2 - < 42 > 

2.6 Decomposition of the state space 

We see that the Hilbert space of the N = oo-theory can be presented as 

F{®^ =1 1-(y n ) (43) 

(the notations of Appendix A are used), where 7i is a space of complex functions / k , k e R d from L 2 (R a! ). 
Analogously to lemma A. 8, the space (f43"D is isomorphic to 

.F(H V2 ) ® .F(W + ©^ =3 ^ Vn ) =F®F, (44) 

while the operators ([11]) and ( (42"|) can be viewed as the following operators in the space (|44|): 

H = H(g)l + l(g)H, P k = P k <g> 1 + 1 <g> P fc , 
M m ' = M mZ ® 1 + 1 ® M m ', M fc0 = M k0 <g> 1 + 1 <g> M fc0 . (45) 

The operators H, P h , M kl and M k0 are the same as in the free theory: 

H= Y, I dki...dkj$% i (u kl + ... + ^ k JA ki ( l n 

71=1,3,4,... 

^= E [dk 1 ...dKAt^ n (k[ + ... + k l n )A k ^ kn 



n=l,3,4.. 



^ = _E / ^...rfk n <l n £0^ - C^M k tl 

r n f) h l 

M l °= E /^..^iHiov.^ + i^i. 

n=l,3,4,... J s=l a/C s ZCi; k s 



(46) 



The only nontrivial part of operators ( |45|) correspond to the space JF(7Y V2 ): 

H = J dk 1 dk 2 At^(a Jkl + oj k ,)AZlZ 
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The operators (f45|) correspond to the representation of the Poincare group in T ® T of the form: 

U\,a = U A ,a (g) U A ,a 

with 

U A , a = exp(zPX) exp(^M A ^ v ), U Ka = exp (**>") exp(^M A ^ v ) 

To express the operators L/a,<h it is convenient to introduce the operators %,« of the unitary representation 
of the Poincare group in 7i: 



with generators 



[UA,af)k = exp(iuj k a - zkah/ /(A-i)™fc»+(A- 1 )yw k ( 4 ^ 

V ^k 



ill n /n ■ / ^ ^ 

p = ft , p = LU k m = t{uj k —- + 



m '" = l(r ^-*'^ ) - (49 » 

By u A , a ■■ H ® ©™ 3 H Vn -> ft © ©~ =3 H Vn we denote the operator 

UA, a (fl,f S ,f4, ...) = (uA,afl,uf 3 J 3 ,uf 4 J 4 , ...). 

We can notice that 

£^A,a = U{v,A,a) 

(the notations of Appendix A are used). 

Thus, the operators £/a,<i are constructed. The only nontrivial problem is to construct the representation 
of the Poincare group corresponding to the generators (f4"7| ) . 

2.7 Problem of divergences 

2.7.1 The Haag theorem and volume divergences 

Apply the Hamiltonian ([47 ) to the vacuum state. The result will be 

A 2 f dk\ dk.2 dpi dpi ,+ l4 . <■•/, , 

H i° >= i p^/ 7^7^ vfer vfc<»^- 4(kl + k2 + Pl + P2)l ° >' 

where A^^ = Acik 2 - Because of the (^-function, the quantity ||iJ$( )|| 2 diverges. This is a volume 
divergence associated with the Haag theorem (see, for example, ||). An analogous infinite quantity 
appears when one applied the perturbation theory in A for the evolution operator. 

Within the perturbation theory, such difficulty can be resolved with the help of the Faddeev transfor- 



mation fl2fl . 



2.7.2 The Stueckelberg divergences 

Even after removing the vacuum divergences, the problem is not completely resolved. If one considers the 
perturbation theory for the Schrodinger equation of motion, one finds that there are UV-divergences even 
in the tree approximation. Namely, for the first order of the perturbation theory one has 

jHotjj -m t = H l{t ) = J— [ _^_^_^ _^A+ k A D D tfki + k 2 - Pl - p 2 ) 
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Applying the first-order evolution operator 

U t = -i\ f drHAr) 
Jo 



to the vector 
we find 



$ = /rf Pl rfp 2 A+ p2 $J ip; 
f/ t $ = |rf Pl dp 2 A+ p2 $ Pi 



P2 



with 



1 1 1 r 1 1 .. x , m e- a K +Wk 2 ""pi -^2) - 1 



(27r) d V^^kx V 2 ^ •/ V 2u; pi V 2u; P2 PlP2 i(u; kl + w k2 - tu Pl -o; P2 )' 

The integral 

/«k 2 |$L lk2 | 2 

diverges for d > 4. This is a Stueckelberg divergence. 

3 Construction of the Hamiltonian 

The purpose of this section is to define mathematically the operators in the Hilbert space that corresponds 
to the formal expression (f47|) . For d + 1 = 4, 5, it is necessary to perform the infinite renormalization of 
the coupling constant, for d+ 1 > 6, the model is nonrenormalizable. Subsections A-C deal with heuristic 
construction of the Hamiltonian; in subsection D representation for space-time translations and spatial 
rotations is constructed. 

3.1 Diagonalization of the Hamiltonian 



Since the Hamiltonian (f47|) is quadratic with respect to creation and annihilation operators, one can per- 
form the canonical transformation of creation and annihilation operators in order to take the Hamiltonian 
to the canonical form. 

It is convenient to introduce new variables, 

S = / 90 (^P/2-s,P/2+s + ^-P/2-s ,-P/2+s)' 
n Ps = i\l -^-(^p/2_s,P/2+s ~ A_P/2-s-P/2+s)- (51) 

Here 

fi Ps = Wp/2_s + Wp/2-s. (52) 

The operators (|5lD obey the properties: 

Qp s = Qv-s = <3_p,s5 Hps = np 5 _ s = nip s 

and canonical commutation relations: 

[Qp s , Qp' S >] = o, [np s , n P ' S /] = o, [Qp s , np/ s >] = i5pp/-(5 s - s > + 5 S+S >). 
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The Hamiltonian takes the following form up to an additive constant: 

H=\j dP(n P , lip) + 1 J dP(Q F , (Mp) 2 Q P ). (53) 

Here lip, Qp are operator- valued even functions of the variable s. The inner product (/, g) of two even 
functions / s and g s is, as usual, J dsf*g s . (Mp) 2 is the following operator in the space of even functions: 



A 



2Q T 



((M P )V)s = V FsVs + * [ds> —^ - ™™ yv (54) 



The operator (p3|) can be diagonalized by the following procedure: 

0p = 7n5 (Cp++Clp) ' 

Hp = if^-(Ci - CT r ). (55) 

where C P are operator- valued functions C Ps of the variable s. They obey the usual canonical commutation 
relations: 

[Cp s > C Ps ] = 5 PP i-(5 s ^ s i + 5 S+S >), [C Ps , Cp s ] = 0. 
The Hamiltonian takes the form: 

H= f dPdsds'C^ s (M P ) ss >Cp sl . (56) 

The (Mp) ss ' is a matrix element of the operator Mp. 

One should use then another, non-Fock representation for the operators A ki]i2 , which is Fock represen- 
tation for the transformed operators C Ps . The Hamiltonian ( |56|) is then a self-adjoint operator if Mp is 
self-adjoint. The evolution operator is expressed via the unitary operator e~ lMp *. To construct Mp, one 
should first check that (Mp) 2 is a positively definite self-adjoint operator and define Mp = w(Mp) 2 , mak- 



ing use of the functional calculus of self-adjoint operators. The operator (Mp) 1 / 2 entering to expression 
(|55|) can be constructed in analogous way. 



3.2 Definition of the Hamiltonian and its properties 

Formula fl54|) for the operator (Mp) 2 is not well-defined since the vector 



2Q 



Ps 



\ 2u;p/ 2+s '2u;p/2-s' 

considered as a function of s does not belong to L 2 . The operator fl5Hf ) is therefore analogous to the quantum 
mechanical Hamiltonian corresponding to the particle moving in the singular potential like ^-function. The 
theory of singular potentials is developed in [|rj| . 

To construct mathematically the (unbounded) self-adjoint operator (Mp) 2 one may first construct the 
(bounded) operator (Mp) -2 , prove that it is invertible and positively definite. Then the operator (Mp) 2 
is defined as (M P ) 2 = ((Mp)" 2 )" 1 . 

To find the vector 

if = (Mp)" 2 ^, 



15 



one should solve the equation ip = (Mp) 2 <£>. It has the following form: 

ip s = Qp s f s + c. 



2Q 



Ps 



^ 2u; F /2+ s 2ujp/ 



2-s 



A 



Eqs. 



imply that 



(2k) 



Ag 

(2k)' 



ds. 



2Q 



Ps 



\ 2u!-p/2+ s 2ujp/2-s 



-<Ps- 



ds. 



2Q 



Ps 



\ 2uj-p/ 2+s 2ujp/ 



O 2 

2-S S 'P; 



"V's 



with the " renormalized" coupling constant Ag expressed from the relation 



Ag 



1 1 

A + (2^p 



ds 



2Q 



Ps 



2u; P /2+s2^p/2- s ^p s 



(57) 



(5* 



(59) 



The operator (Mp) 2 has then the form 



((Mp)- 2 ^ 



O 2 

"Ps 



V's 



Ag 

(27T)< 



XPs / ^'xps'^s 



with 



1 



XPs 



2ft 



Ps 



(60) 



(61) 



^Ps \ 2^p/2+s2co>p/2-s 

The function fl6"T|) treated as a function of s belongs to L 2 for d + 1 < 6. For these values of the space-time 
dimensionality, the operator (Mp)~ 2 is bounded and self-adjoint, provided that the quantity Ag is finite. 
Since the integral entering to the right-hand side of eq.(^) diverges at d + 1 = 4, 5, for these values of d 
it is necessary to perform infinite renormalization of the coupling constant. This means that A should be 
chosen in such a way that |Ag| < oo. The fact that A is P-independent means that 



1 



1 



1 



A 



R 



A 



(2k) c 



ds 



1 



_2fip lS u;p 1 /2+s^p 1 /2-s 2f2p 2S a;p 2 /2+s^P2/2- 
Note that the integral in the right-hand side of eq.(|62"D is well-defined at d + 1 = 4, 5, since 

d ( 1 



(62) 



8P \2r2p 2S ^p 2 /2+s^P 2 /2-s / 



0(|s|- 5 ),s^oo. 



The fact that the operator (60) is invertible can be understood as follows. Suppose that (Mp) ip = 
for some ip. This means that 

^ s = cfi Ps XPs (63) 

for some multiplier c. But the function ([k|) does not belong to L 2 . Thus, the operator (Mp) -2 is invertible. 
To investigate the positive definiteness of the operator (M P )~ 2 , calculate the integral 



I(P,e) 



ds 



(2lT) d J 2uJp 2 / 2+s UJp 2 /2- s ^ 



2 
P 2 s 



making use of the dimensional regularization. First of all, introduce new variables, ki = P/2 + s, k2 
P/2 — s, so that / ds — > / rfk 1 <ik25(k 1 + k 2 — P). Next, use the identity 



UJl +UJ2 



2uj 1 uj 2 (e 2 + (u 1 +u 2 ) 2 ) 2nJ (uj + £ 2 )(^ 2 2 + (f - e 



d£ 
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so that 

dki<ik2d£5(ki + k2 



/(P,e 



Introduce, as usual, the ct-representation: a -1 = / °° dae~ aa . We get 



d+l 

..2 c*. m / 7T \ 2 a£_fT>2 ,_2i 



'^jsM ^ ^"^ ST? «"* " (64) 



Therefore, 



f OO /-OO „ , . / 71- \ 2 



The requirement (Mp)~ 2 > is a corollary of the condition A^ < 0. Inequality (E5|) implies that it is 
sufficient to require \r < 0. This is a well-known condition of absence of tachyons [H| in the large-Af 
theory. 

Thus, we have constructed the Hamiltonian. 



Another way to define the Hamiltonian is the following | 14fl . One can use the theory of self-adjoint 



extensions [16|. Consider the operator Q Fs defined on the domain consisting of such (p that 

/2\ 'p s 
asif s . = 0. 
\ 2o;p/2 +s 2tt;p/2-s 

If d+ 1 > 6, the operator is essentially self-adjoint. This corresponds to the "triviality" (or nonrenormal- 
izability) of the model. If d+ 1 < 6, there is a one-parametric family of self-adjoint extensions specified by 
the parameter A^. However, the condition flB2|) cannot be obtained by the self-adjoint extension method. 
One should use another argumentation like Poincare invariance. 

3.3 Momentum and angular momentum 

Let us express the momentum and angular momentum operators via new creation and annihilation oper- 
ators Cp s . It follows from eqs.(|5TD that operators (f47|) can be written as 

P l = [ dPdsQ Ps P l iIl- Fs , 

Mml = J dPdsQ P3 (iP 1 -^ + ^~ ^^l ~ ""^Xn-P- ( 66 ) 

Since the kernel of the operator Mp" 2 ( |60|) is invariant under spatial rotations 

P -»■ OP, s -► Os, s' -► Os' 

with orthogonal matrix O, it commutes with the rotation operator of the form Ofp s = /op,Os- Analogously, 
any function of M obey this property. Since the operator 

dP m + ds m dP l ds l 

is a generator of a rotation, it commutes with any function of M. Making use of this property, we find 

r\ r\ r\ r\ 

M ml = I dPdsC+ s (iP 1 —— +is l - iP m ^j - is m —)C Ps . 

J PsV dP m ds m dP l ds l Ps 

Analogously, 

P l = [ dPdsC£ s P l C Ps . 
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3.4 Representation for space-time translations and space rotations 

The problem of divergences made us to change the representation for the operators A k V. We have 
considered the space 7i 2 C L 2 (R 2d ) of functions /p s which obey the property /p_ s = /p )S . The space 
JF(7Y 2 ) has been considered instead of J r {TC v2 ). Therefore, the space ([44]) is substituted by JF(W 2 )®JF. One 
should define then operators H, P l , M ml , M m0 and U\ a in JF(7Y 2 ) that corresponds to formal expressions 



The operators H, P l , M ml have been considered above. 

Let X° R be a fixed negative quantity. Set P 2 = 0, Pi = P in eq.(^) and define the quantity A^. 
Consider the operator M~ 2 : 7-^ 2 — > 7i 2 of the form 



A r 

(M~ V)ps = fip^Ps - tt^Xps J ^'XPs'V'Ps' 



where xps has the form (^l|). Since the operator M 2 is positively definite and self-adjoint, the self-adjoint 
positive operator M = (M -2 ) -1 / 2 is uniquely defined. The Hamiltonian operator is 

H = T{M) 

(the notations from appendix A are used), while 

e~ im = U(e~ mt ) 

Analogously, 

P l = F(P l ), 

M ml = jruplJL- + is lJL - iP m -^— - is" 1 ^). 

The space rotations being Lorentz transformations with 

A° = 0, A*=0, Ag = l (67) 

are represented by the operators Ux,q = U(ua,o) with 

(UA,of)ps = /A-ip.A-is- (68) 

For space-time translations, one has 

U lA = e iHt e- iP ' a ' = U(e iMt e- iPa ). (69) 

Thus, we have constructed the operators U^ a corresponding to the Poincare transformations obeying 
eq.(|7]): U A>a = U 0:a U Afi . 

Lemma 3.1. The group property 



^Ai,aitVA 2 ,02 — ^AiA 2 ,ai+Aia 2 



is satisfied for Poincare transformations obeying eq.ffFfy. 
Proof. It is sufficient to show that 



^AiA 2 ,0 = UA. lt oU\ 2 fi (70) 

Ul, ai Ui >a2 = Ui yai+a2 , (71) 

UKflUl^Ull = U 1M . (72) 
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The property (|70|) is an obvious corollary of the definition (|68|) . Relation (71 ) is a corollary of the Stone 
theorem and the property 

[e lM \ e- iFa ] = 0. (73) 

Definition ( |55|) and commutation relation 

Ko,e !Mf ]=0 (74) 

imply property (0). Lemma 3.1 is proved. 

Let us check now some axioms of quantum field theory. 

Lemma 3.2. (Existence and uniqueness of vacuum). For vector <L> G JF(7Y 2 ) the following statements 
are equivalent: 
(i) invariance under space-time translations: for all a 

Uo, a ® = $; 

(ii) $ = c|0 > for some multiplier c G C. 

The proof is obvious. 

Investigate now spectral properties. 

Lemma 3.3. The spectrum of the operator P M is a subset of a set {0} U {(e, p)\s 2 — p 2 > 0. 

Proof. It is sufficient to prove that cr(Mp) C (P 2 ,oo). The property e 2 G cr(Afp) means that the 
operator e 2 — M| is not boundedly invertible. Since 

{{e 2 - M|)"V)s = (e 2 - nJ.)-V. + ^ " :r2 )~ lfi PsX p ^ rfs, X p ^Ps'( fi Ps' " ^ 







A p J »s 


e 2 G a(Mz) if and only if 




6 = UJp/2-s + tJp/2+s 


for some s or 


(2vr) rf 


f Jo^,2 o4 /T)-2 /r)2 



^^-/ds X 2 Ps ^ s (Op 2 -(Qi, s -£ 2 )-l) 



\ p 



(75) 



(76) 



Since cup/2+s + ^p/2-s > 2kjp/ 2 = ^P 2 + 4/x 2 > |P|, these values of e obey the property e 2 G (P 2 , oo). It 
follows from eq.(^) that eq.([7B]) can be transformed to the form 



d+l 



da/ d/Se-^^ — — (e -^( p2 - 2 ) - 1) = --^. (77) 



(27r) rf+1 7o Jo y \a + pj K ' X° R 

Since A^ < 0, the left-hand side of eq.([77|) should be positive. This means e 2 > P 2 . Lemma is proved. 

4 Composed field operators 

In the previous section we have constructed the Hamiltonian of the theory of "infinite number of fields" 
which was shown to be a self-adjoint operator in the Hilbert space. However, it is also necessary to check 
the property of the Poincare invariance. 

To simplify the investigation, it is convenient to introduce an analog of the notion of a field which 
is very useful in traditional QFT: the Wightman axiomatic approach allows us to reduce the problem of 
Poincare invariance of the theory to the problem of Poincare invariance of Wightman functions. 

However, it is not easy to introduce the field ip a (x) since we have not considered the nonsymmetric 
iV-field states yet. However, one can investigate the properties of the "multifield operators": 

1 N 
nV(xi, ..., x k ) = — Y. ¥ a (xi)...v a (x k ). (78) 

iV a=l 

19 



Consider this operator at x® — ... — x® — 0. The results of section II imply that 

W Njk (x 1 ,...,x k )K N f = K N W N:k (x 1 ,...,x k )f (79) 

with 

yiV(xi, ...,Xfc) = J D0|$ o [0(-)]| 2 0(xi)...0(x fc ) + N-^Wkfa, ...x fc ) + 0(N~ l ). (80) 

The operator W k can be presented as 

iy fc (x l5 ...,x fc ) = | J D0(i+[0(-)] + i-[0(-)])0(xi)...0(x fc )$ o [0(-)] = 

oo - 

£ / dpi...rfPn[4tU^tp«^^^ (81) 

n=l J 



One can expect that Heisenberg operator will also obey the relation of the type (|50"D : 

W N , k (x h ..., x k ) = ($o[0(-)], 0(xi)...0(x fe )$ o [0(-)]) + AT 1/2 W*(zi, ...x fc ) + O^ 1 ). (82) 



Here 0(x) is a Heisenberg operator of the free field of the mass /i. The property (82) is to be checked in 
appendix B. 

The multifield operators W k (xi, ..., x k ) being analogs of fields are to be investigated. 

4.1 Multifield operators 

In this subsection we compute the explicit form of the operators W k {xi, ...,x k ). 
The "fc-field" (|78|) satisfies the Heisenberg equation 



(_d d_ 

\dx A dx AfM 

The property (ff9|) implies that 

f d d 



x N \ 

+ m2 + x £ pVaVM J Wjv )fc (xi, ..., x fc ) = 0. 



+ m 2 + AVVV )2 (a;A, xa) VVjv,fe(xi, ..., x k ) = 0. 



\<9x a <9xa p 
Use now the property fl32|). One can notice that m 2 + A($o, 0(xa)^(xa)^ > o) — y^ 2 - Therefore, 

/ (> ° +fi 2 + ^=W 2 (x A ,x A ) + 0(N~ 1 )) 



\dx^ A dx A y, y/N 

(($ , <j)(x 1 )..4(x k )%) + N~ l l 2 W k {x u ..., x k ) + OiN- 1 )) = 0. (83) 

The terms of order 0(1) give us an equation on the vacuum average value. It has the form 

' '■ ' +/i 2 ($ o ,0(xi)...0(x fc )$o) = 0. 



This equation is automatically satisfied. The terms of order 0(N 1 ' 2 ) lead to the nontrivial equation: 

( d d \ ~ 

[ dx^dx^ + //2 J Wk ( Xl > -' Xk) + QMi^o, 0(xi)...0(x fc )$ o ) = 0. (84) 

with 

Q(a; A ) = AH> 2 (a; A ,x yl ). (85) 
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To perform investigation of eq. (|84|) , it is convenient to introduce the linear combinations of the multi- 



fields Wk- It follows from the Wick theorem that the operators (^) can be presented as 

U^(xx, ..., x fc ) = XX $ o, </>( x J})<K x z?)$o)-($o, 0(x / i)0(x i 2)$ o )W / " fe - 2i ,(x mi , ..., x mfc _ 2 J. (86) 

Here the summation is performed over all decompositions of the set 

{1, 2, ..., k} = {l{, l{} U ... U {ll, 11} U {mi, ..., m k . 2u }, 

while 

l\<ll, ll<ll, m 1 < ... < m k _ 2l/ , k-2v>0. 

The operator W s {xi, ...,x s ) entering to the formula fl36|) has the form 

W s (xi,...,x s ) = | 'dp 1 ...dp s [4 s l )+ Ps ($W.. Ps ,: 0( Xl )...0(x s ) : $ ) 

+4t Pfl ( $ £ ) ..p s5 : 0(xi)-0(x s ) : $o)1- (87) 

The notation :: is used for the Wick ordering of combinations of fields 

1 r dk 



f^Ke-^ + a-^} 



Analogously, define the Heisenberg operators W s (xi, ...,x s ) from the recursive relations 
Wk(xi, ..., x k ) = J2(®0' <K^)<K^)$o)---($o, (p(xii)(p(xi2)$o)W k -2u(x mi , ..., X 
Applying the Wick theorem to the combinations of the field and momenta operators 

15 1 r dk 



»"fc-2i// 



I(x) = im*) = ^ 7 ^si^-*- + <v to ] 



we obtain in an analogous way that 

d d 
i 1 '"dx H 



^"-^o-^^i'-'^) = 7 rf Pi- rf P«[^p 1 ) .!p s (*p 1 ) ... Ps5 : 0(xi)...7r il (x il )...7r i| (x il )...0(x a ) : $ ) 

+4tp s ( $ p S 1 ) .. Ps . : 0(x 1 )...7r n (x n )...vr,(x n )0(x s ) : $ )*] (89) 



for Z! < ... < z'j, x? = ... = x° s = 0. 

Let us find an equation on the operator W s . For k = 2, W^ = W^, so that 

f^r^£- + A W 2 {x u x 2 ) + Q(x A )($o, <f>{xi)<f>{x 2 )® ) = 0. (90) 

For odd values of k, one has (<J>o, (p(xi)...(j)(xk)&o) = 0, so that 

(3d 



ydx'XdxAf, 
It follows from the recursive relations that 

( d d 



+ /i 2 W k (x u ...,x k ) =0. 



+ /i 2 W fc (x 1 ,...,x fc )=0. (91) 

CX 4 CI^u / 



21 



Let us show that eq. (j9lD is also satisfied for even values of k 7^ 2. For definiteness, consider the case 
A — 1. The general case can be investigated analogously. The quantity 

( d d 2 \ ~ , . 

+ fi W k {x 1 ,...,x k ) 



d%i dx\^ 



entering to the left-hand side of eq.fl84|) can be decomposed into two parts. One of them corresponds to 
the case k — 2v = 2, another - to k — 2/i > 2. The first part is 

/ d d \ 

-Q(xi) E( $ o, 4>(x 1 )4>(x m2 )%)(%, 0(ar,i)0(s, ? )$o)-..($o, <P{xii)<P{xii)%) 

= -Q{x 1 ){$ ,<f>(x 1 )...<l>(x k )$o). (92) 



The second part reads 



' d d \ 

q-jiq — + ^ 2 ) 53 (®o^( x i\)0( x q)®o) ■■X®oA(xii)<P(xil)®o)W k -2u(x mi , ■■■, x mk _ 2v ] 

v 1 lA* / fc— 2i/>2 



(93) 



It follows from eq.([34"l) then that the quantity (|93|) should vanish. We obtain by induction that the functions 
W 4l W 6 etc. obey eq.(0). 

To find an explicit form of W k , prove the following proposition. 

Proposition 4.1. Let 

( d d 



ydx^dxAL 
and 



+ fi 2 \f k (x 1 ,...,x k ) = 0, A=l,k (94) 



d d 

fk(xi,...,x k ) = 0, %x<...<i h x\ = ... = x° k = 



cfo° " dx G k 

Then f k = 0. 

Proof. Consider the spatial Fourier transformation f k (pi, t±\ ...; p k , t k ) of the function f k . It obeys the 
set of equations 

/ d d \ ~ 

( 'ofoT + u v\ j fk{Pi,ti] •••; Pk, tk) = 0, A = l,k 

with uj p = y/p 2 + [i 1 . This implies that 

/ fc (pi,t i; ...;p fc ,t fc )= E a CT1 ... CTfe ( Pl ,...,p fc )e^^ + - + ^^. 

<T1,...,CT&S{-1,1} 

One can express the coefficients a as 

"— (Pi, -' Pk) = (l ~ £^J - [l ~ £^J /fc(Pl ' *> -' Pfc ' 4) 

Therefore, a - 1 ...< Tfe (pi, •••,Pfc) = 0. This implies /& = 0. Proposition is proved. 
Denote 

W!(x u ..,x s ) = /dp 1 ...dp.[i4W+p.(*S„. p .,: 0(xi)..-0(x s ) : *„) 

+4t Ps « S 1 ) ..p s . : <K*i)-<K*.) ■ *o)*]- (95) 
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Consider the operator distribution f s = W s — W® obeying the condition of proposition 4.1. This implies 
fk = 0, so that W s = Wg. The explicit form of the operator W s is 

Wfv, +, Y t \ — ——— f P 1 ^ s \/k\( A + ( s ) piWpxtl+...+iUpets-ipiX-1-...-iPsXa 

w^ Xl ,ti,...,x.,t.;- (27r)sd/2 _/ ^ 2 _...^ 2 _v«.i>i pi ... p ,e 

j_4— (*) „-iw P1 ti-...-iWp s t s +ipixi+...+ip s x s \ fQfi") 

Let / G 5(R ds ). Consider the operators 

W^f/] = / dx 1 ...dx s W s {x 1 , ...,x s )f(x 1 , ...,x s ). 

They are defined on the set D of all finite vectors of T . The set D is invariant under the operator W^[/]. 
Proposition 4.2. 1. W s {x\,...,x s ) (s ^ 2)is an operator distribution. 2. The set 

W sl [fi]...W Sk [f k }\0>, /,e5(R*') 

zs a total set in T. The first statement is obvious. The second statement is a corollary of lemma A. 14. 

Thus, we see that the "k-field" Wk has the form (|58D, the operators W s having the form ( P5| ) are already 
found. The remaining problem is to find the explicit form of the bifield W 2 (xi, x 2 ). Since an equation for 
the bifield contains the operator Q(x) being an analog of the composed Xip a (p a field, let us investigate first 
its properties. 

4.2 The \cp a (p a composed field 

The operator Q(x) = Q(x.,t) can be presented as 

Q(x, t) = e iHt XW 2 {x, 0, x, 0)e~ lHt = 
where 

A± ( f \ _ AHt a±{2) -iHt 

After transformations ( |5l~D and (K^) expression ( P7| ) takes the form 

Q(x,t) = A-^ /rfPrfs 2 " Ps e- Px g Ps (t) = 

(2ii) d J \J 2wp/2 +s 2^p /2 _ s 

= jdPcfe(C+ s7Ps (x,i) + Cp s7 p s (x,t)) = C+[ 7 (x,i)] +C-[ 7 (x,t)], 
where _ 

^> = ($ e ~ ,P "73f "" A(i *' (98) 

Our purpose is to prove that Q(x) is an operator distribution. Therefore, we should show that (x(x, t))p s 
can be viewed as a vector distribution. However, an infinite quantity A -1 and function Q 2 x ^ L 2 enter to 
eq.(^). It is remarkable that these divergences can be eliminated: one can use the property: 

M- 2 xn 2 x = \rx- 

Here Xr is an operator of multiplication by A p . Thus, the vector function (|5S|) can be written as 

7 (x,£) = (27r)- d e- iF *e lMt M 3/2 X RX . (99) 
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One can present it as 

7 (x,t) = (2vr)- d (-A + l) m (~\ e -*Px e iM* M -i/2 (p 2 + !)-m AiiX 

Since M' 1 ' 2 ^ 2 + l)~ m Aux e ^2 for sufficiently large m, the function e - iPx e iMt M' 1 ' 2 (P 2 + l) _m A R X is a 
bounded continuous vector function, we obtain from lemmas A. 12 and A, 13 that 7 is a vector distribution. 
Lemma A. 14 implies that Q(x, t) is an operator distribution. 

4.3 Canonical variables as operator distributions 

The purpose of this subsection is to investigate the properties of the operators Q Ps and n Ps . These 
properties will be essentially used. 
First of all, notice that 

Qp s = C+[£ Ps ] + c-[£- Ps ], n Ps = C + [n Ps ] + C-[7r_p.], 

where £p s and tt Ps have the form 

(Cps)p's' = 5 PP '((2Mp ) ss /, (7Tp s )p' s ' = ^p P '((Mp/2) _1/2 ) ss /, 

Consider the integrals 

JdPds VPs £ Ps = (2M)- 1 /^, (100) 

I dPdsp Ps n Ps = i(M/2) l/2 Tp (101) 

where tp Ps are complex functions from S{H 2d ), 

^p s = ^ps + V'p-s) (102) 

Since (2M) _1//2 is a bounded operator, the integral ( |100| ) is always defined. However, (M/2) 1 / 2 is not a 
bounded operator, so that quantity ( |101|) may be not defined. We see that the expression for £p s defines 
a vector distribution, while 7Tp s is not a vector distribution. 

To consider objects like tc Ps as vector distributions, it is necessary to perform the renormalization 
procedure. Let 

Qp(t) = ^p/rfxe iPx g(x,t) = -R P (t), 

Rv(t) = j^pfdxe^Rfrt) = C+ lMt)] +C"[r_p(t)], 

where 

(r P (£))pv = (27T)-% P ,(e jMt M- 1 / 2 A i? x)p's' 

is a vector distribution. 
Denote 

TTpT = tt Ps - -Lfip sXPs rp(0), (103) 

where xps has the form (|6l|). One has 



| dPds7T P e s > Ps = ^(M/2) 1 / 2 ^- — -px/^Vp s ^ps'XPs'] = ^(M/2) 1 / 2 M- 2 fiV 
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Since VL 2 Tp e L 2 , while M _3//2 is a bounded operator, 7r P e s n is a vector distribution. We obtain from lemma 
A. 14 the following proposition. 
Proposition 4.5. Qp s and 

ngr = n Ps - i=54 sXPs i?p(o) (104) 

are operator distributions. 

Investigate now the transformation properties of these distributions. Analogously to the previous 
subsection, we obtain 

Proposition 4.6. For spatial rotations, the following properties are satisfied: 

MA.O^P.s = £AP,As, ^A,071"p e s = ^AP As; «A,0^p(^) = r AP (t). 



Corollary. Under conditions ft6l{ ) the operators Qp s , lip™ obey the following transformation properties 



UAfiQpsU A0 — Qap.As, ^A.oIIp^t/'^o — n A e p As , U~AflRp(t)U Ai0 — RAp(t), 

U^QpsUiI = e-* Pa Qp, s , U lA H£?U£ = e- lPa n^, U ha Rp(t)U^ a = R P (t + a ). (105) 



4.4 The bifield operator 

In this section we construct the bifield operator 1^2(^1, #2) which obey eg. (|90"D and initial conditions (fB9|). 
We show it to be an operator distribution of xi, X2 at fixed values of x\, x\. It can be also viewed as an 
operator distribution of xi,x 2 . 

Firs of all, consider the spatial Fourier transformation 

1 r 
W 2 (x,t x ;y,t v ) = j^yj dkdpw 2 (k,t x ;p,t y )e-* x - ipy . 

Initial conditions fl59| ) can be presented in the following form 



w 2 (k,0;p,0) = J k P Q k+p i^P, 



UJkUp 

d 



dt -w 2 (K0;P,0) = ^ 



u; k (u; k + ^ p ). 



-II,, , _ k-p . 



0J p """ 2 



— W2 (k,o ;P ,o) = ^ n k+p ^, 

9 9 / 

Tj-Tj-^iK 0; p, 0) = y(u p (wk + w P ))wkQ k+Pi k^E. (106) 



Eqs.(|90"D can be written as 

/ d 2 ,\ . I 



+ ^ w 2 (k, £*; p, *„) + -— e-^^-^JQk+p^) = 0. 



.<9tA V ~^~' ""*''-'" ' 2a; p 



^- + wj) W2(k , ^ p , y + _i_ e -- k (*,-*v)Q k+p( ^) = o. (107) 
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These equations and initial conditions lead to the following formal solution 



w 2 (k, t x ; p, t y ) = J— -Q k+p ^cos{u k t x + u p ty) 

H 1 ^= n k+ P tE^Ml + U p ty) 

- /'■ dT «"("-(^-^)) j_ e ^^., )Qk+p(T) 

JO CUk ZtUp 

- ^ T ?%(t!))l-H<Mg Wj(r) . (108) 

Jo uj p 2uk 

This form is not suitable for investigation since Hp s has been discovered to be not a distribution, while Qj> s 
is a distribution rather that ordinary function. However, we can use the relation Q = —R and integrate 
by parts. We obtain: 



w 2 {k, t x ; p, t y ) = J— -Q k+l} h=s.cos{uyt x + u p ty) 

V UJ k UJ p K+P ' 2 

H — ^^^^^^= n k e + p k- P sin(ukt x + Upty) 
^u> k u>p(u k + Up) ' 2 

, — ^jHj, n e -«*(t x -T) R r 109 

o or y cj p 2cuk / 0t 

Since for any smooth function <p the integral 

f dTRp{T)<p{T) = Rp(t)<p(t% - /* dr0(r)R P (r) 

JO JO 

is defined as an operator distribution of P (i?p(r) is a distribution of P at fixed r), while Qj> s and ITp s n are 
operator distributions, expression ( |109| ) gives us an operator distribution. Thus, we obtain the following 
proposition. 

Proposition 4.7. w 2 (k, t x ;p, t y ) is: 

(1) an operator distribution ofk, p at fixed t X! t y ; 

(2) an operator distribution ofk,t x ,p,t y . 

Corollary of proposition 4.6 implies the following statement. 

Proposition 4.8. The transformation properties of w 2 under spatial rotations and translations are: 

U A ,oW 2 (k, t x , p, ty)Ux}) = w 2 (Ak, t x , Ap, t y ) 
U 1>a w 2 (k,t x ,p,t y )U^ = e- i( - k+ ri*w 2 (k,t x ;p,t y ). (110) 

Corollary. W(x, t x ; y,t y ) is an t x ,t y - dependent operator distribution o/x, y with the following trans- 
formation properties under spatial rotations and translations: 

U a , W 2 (xl, t x , y, t y )Ull = ^(Ax, t x , Ay, t y ) 
Ui ta W 2 (x, tx, y, ty)U£ = W 2 {k + a, t x - y + a, t y ). (Ill) 

W(x,y) is also an operator distribution of x, y. 
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Consider the operators 

W 2 [f, t x , t y ] = J dxdyW 2 {x, t x ; y, *„)/(x, y). 
Proposition 4.9. The set of all finite linear combinations 

E W 2[fn^tl 1 ,tl 1 ]...W 2 [f n ^tl Sn ,tlJ\0> (112) 

n 

is dense in J r (H 2 ). 

To prove this proposition, it is sufficient to consider the case £™j = t yi = only and use lemma A. 15. 
One can also consider the operators 

W 2 [g] = I dt x dt y dxdyW 2 (x, t x ; y, t y )g(x, t x , y, t y ). 

Proposition 4.10. The set of all finite linear combinations 

J2W 2 [g nil ]...W 2 [g n , Sn }\0 > (113) 

n 

is dense in J^iH^. 

To prove this proposition, it is sufficient to approximate the vector ( |112| ) by the vector ( |113| ) by choosing 



g n ,k{x-,t x ;y,t y ) = f n<k (x,y)—^(t x /e,t y /e) 



e 2 



for any smooth function ip(r x ,T y ) with compact support such that / dT x dT y ip(r x ,T y ) = 1. 
Thus, the cyclic property of the vacuum state is checked. 

4.5 Invariance under time translations 

The purpose of this subsection is to check the invariance property of the bifield under time translations: 

U ha W 2 (x, t x , y, t y )U£ = W 2 (x, t x + t, y, t y + t) (114) 

if a = t, a = 0. Let us prove first the following proposition. Denote 

Q Ps (T) = e iHT Q Ps e~ iHT ,Tl r F ™(T) = e iHT W^e~ iHT . 
For smooth function /(r) let 

/ r ^/(r)|;i2p(r) = f{r)R P {r)\l - J* dr^-R P {r). 
Proposition 4.11. The following properties are satisfied: 

Q Fs (T) = Q Ps cos(n Ps T) + n ^(Op s )T _ 

iZp s 

r —, dT = ^-[sin(n Ps (T - r))]^-R P (r), 

Jo 2^/uj P/2 - s uj P/2+s n Ps dT dr 

n™»(T) = IF™cos(n Ps T) - Q Ps n Ps sin(n Ps T) - 

r T dr 



• ,> — ^ ^-[cos(n Ps (T-r))]^-R P (r) (115) 

o 2 ^ cjp/ 2 - s ^p/2+s Or Ot 
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Proof. First of all, notice that 



Q Ps (T) = C + lfr s (T)} + C-[^ Ps (T)], 
TO = C + [7r^(T)] + C-[^ S (T)}, 



(116) 



where £p s (T) and 7r p e s n (T) are the following vector distributions: 

(ePs(T))pv = 5 P p,(e iMpT (2M ] 



P) )ss'? 



Formulas (|115|) mean that 



(tTpTCO)pv = 6 PP ,(jti l MZ 2 (M v /2) 1 f 2 e iM * T ) 



ren sin(VL-p s )T 
iv s (T) = £ Fs cos(n Ps T) + If™ 



(117) 



<:h 



d d 

[sin(Q Fs (T - T))]— r P (r), 



2y / wp/ 2 -s^p/2+s^Ps dr n ® T 

Tr fflT) = 7g> s(Op s T) - ePs^P S sm(Op s T) 

IT * ^-cos(n Ps (T-r))J— r P r 

o 2 \ Wp/2- s wp/2 +s or Or 



:ii8i 



Integrating relations (|118|) with the function <£> G iS(R M ) and applying the operator (2Mp) x / 2 , we transform 
them to the form 

e iMT V5 = cos{VLT)Tp + zM _1 nsm(fiT)^ 



+ / dr(e lMT )\Q- 2 - M~ 2 )cos(Q(T - r))Q 
Jo 



V, 



(119) 

(120) 

Here f2 is the operator of multiplication by Qp s - We have used the definition of the operator M~ 2 . 

Relation ( |120| ) is a corollary of the relation ( |119p is sufficient to consider the time derivatives of eq. ( |119j ) . 
The simplest way to check eq. ( |119| ) is to consider the Laplace transformations of the left-hand side 



ie iMT M~ l VL 2 y = iM- l cos{VLT)y - VLsin{VLT)Tp - 
' T dr(e iMT )(n- 2 - M- 2 )n 3 sin(n(T - r))Jp. 



e iMT e-" T dT 



1 



u-iM 



and of the right-hand side: 



+ iM~ x 



u 2 + Q? 



+ 



iM 



2\n2 



U> 



2 + 9? uo-iM 



iSi~ 2 - M~ 2 )n 



u> 



uJ- 



n 2 



(121) 



(122) 



Formulas ( |121| ) and ( |122| ) coincide. Thus, eq.( |119| ) is satisfied at T > 0, the check procedure for T < is 
analogous. Proposition is proved. 

Proposition 4.12. Relation &114 ) is satisfied. 

Proof. One has 



e l w 2 (k,t x ;p,t y )e~ 



iHT 



— -Q k+v .h=p(T)cos(u k t x + u p ty) + 



s n k+piE= k(T)szn(wk<a. + uj p t y ) 



UkUJ p {UJ k + u p 
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Jo 2u k iv p 

['" dr Sin( ^- T) K -"-"^>Q, +r (r + T) 
Jo ^tu^ujp 



w 2 {k, t x + T; p, t y + T) = J UJk + UJp Q ]i+p .^ R cos(u Jk (t x + T) + cu p (t y + T)) + 

II k , p-kgmf^fcf^ + T) + Wp^j, + T)) 



WkWp(Wk + ^p 



tl+T dT *"M*» + r - ^ e -^- h - T)Q (r) 

o 2co>i c u; p 

'' +T dT «"("pfe+r-r)) e _ iM , ( ,, +T _ T) r) 

^^k^p 



It follows from proposition 4.11 that 

e iHT w 2 (k, t x - p, ^)e- iifT = w 2 (k, t x + T; p, t y + T). 
We obtain relation ( |114| ). Proposition is proved. 



5 Poincare invariance of the theory 

The purpose of this section is to check the property of relativistic invariance of the theory which mean 
that: 

(a) the unitary representation of the Poincare group (A, a) i— ► U A>a is constructed: 

UA uai UA 2ja2 = C/(A 1 ,a 1 )(A 2 ,a 2 ); (124) 

(b) the fc-field operators Wk(xi, ...,Xk) are Poincare invariant: 

UA,aW k (xx,...,x k )U^ a = W k (Axi + a, ...,Ax fc + o); (125) 

(c) the vacuum state is Poincare- invariant: 

^A,a|0 >= |0 > (126) 



To simplify the problem, remind that the state space has been decomposed according to eq.(fH|), while 
the operators U\ ta are looked for in the form U A ,a®U^ a . The operators U^ a have been already constructed 
in subsection II. F. 

First of all, investigate the property of invariance of the operators W k (xi, ...x k ) of the form fl95|) (at 
k 7^ 2). These operators are of the form 1 ® W k {x\, ...x k )- 

Lemma 5.1. 1. The vacuum state is invariant under action of operators U A>a . 
2. For k 7^ 2, the operators W k (xi, ■■■,Xk) obey the property 

UA, a W k (x 1} ...,x k )Ull = W k (A Xl + a, ..., Ax k + a). (127) 



Proof. The first property is obvious. Prove the second property. It follows from eq.fl96|), lemma A. 11 
and formula ( fi8|) imply that 

_ x _ ys\ r dpi dp s +(s) i( Pl+ ,„ + p s ) ai ( A -ip 1 . Xl+ ... + A-i-p s .x s ) 



U* W (x, x )U7 l - VSl f dPl dPs (A +(s) 

U A,aW s iX 1 ,...,X s )U A>a - {2n)sd/2 J ^—...^—^...p. 



e 



+A~^ e~ i( ' pl+ '" +Ps ' )a e _i( ' A Vi-ai+-+A l Ps-x a ) (128) 
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Property A~ l p ■ x = p ■ Ax. imply eg. ( p. 27] ) . Lemma is proved. 
Lemma 5.2. Let U\ >a be unitary operators in T such that 

(a) the group property 

UA uai UA 2t a 2 = ^(A 1 ,o 1 )(A 2) a 2 ) (129) 

is satisfied; 

(b) the bifield operator is invariant 

U A , a W 2 (x, y)Ull = W 2 {Ax + a,Ay + a); (130) 

(c) the vacuum state is invariant: 

U A ,a\Q >= |0 > • (131) 

Then the operators U Aa = U\ a (g> U Aa obey properties (U1W - 



This lemma is a direct corollary of lemma 5.1 and formula ([86]) for the operators W k {xi, ...,Xk)- 

The remaining problem is to construct operators U\ A satisfying relations (|129|) - (|131|) . The possible 



way may be the following. The operators P^ and M mn in T have been already constructed. One should 
then try to construct the operator M ok , check the commutation relations of the Poincare algebra. 

However, the following problems arise in the approach. It is not easy to check the self-adjointness of 
the operator M ok since it is an unbounded operator. Further, to construct the group representation from 
the algebra representation, one should check the conditions of the Nelson theorem jD]] or investigate the 
properties of analytic vectors [IF 



Therefore, another approach will be used for constructing the operators U A>a . First of all, we will check 
the invariance of the Wightman function 

< 0\W 2 {x, y)W 2 (x', 2/010 >=< 0\W 2 (Ax + a,Ay + a)W 2 (Ax' + a, Ay' + o)|0 > (132) 

Then we will define the operator U\ ia from the property 

U A , a W 2 (xi, yi )...W 2 (x k , y k )\0 >= W 2 (A Xl + a, A Vl + a)...W 2 (Ax k + a, Ay k + a)|0 > . (133) 

This definition will be shown to be correct if and only if the property ( |132| ) is satisfied. Let us investigate 



the properties of the Wightman functions. 

5.1 The QQ-propagator 

First of all, investigate the vacuum average value < 0\Q(x)Q(y)\0 >. It has the form 

< 0|Q(a;)Q(y)|0 >= j^ d J dP(\n\,e^-^- m ^-y°hr l \n 2 x ). (134) 

The vector Wt 2 x is viewed as \rM 2 x- To check the Poincare invariance of the average (|134|) , present it as 



< 0\Q(x)Q(y)\0 > =-^ ri JdPV(P)e 



iP{x-y) 

(2vr) c 



with 

v(p°, p) = —±— J(\n 2 x) Fs (S(M F - p°)M^xn 2 x )p s ds (135) 

Making use of the relations 

5(M P -P°)M P 1 = 26(P )5(Ml - (P ) 2 ), 2m6(x) ' ' 



x — iO x + iO 
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and 

we take the formula ( |135| ) to the form 

A A 



V(P° } P) = 2t6(P l 



1 + A/(P, t(P° + iO)) 1 + A/(P, i(P° - iO)) 



(136) 



where I is of the form (|64]). We see that the function < 0\Q(x)Q(y)\0 > is Poincare invariant. 
It will be also necessary to calculate the propagator of the field Q. Formally, one has 



< 0\TQ{x)Q{y)\Q >= 9(x° - y°) < 0\Q(x)Q(y)\0 > -%° - x°) < 0\Q(y)Q(x)\0 > . (137) 

Eq.flTBD implies 

< 0\TQ(x)Q(y)\0 >= -i— J dP(\tf X , ^^-^^^M^X^x). 

The Fourier transformation of the propagator which is defined from the relation 

< 0\TQ(x)Q(y)\0 >= — ^ / dPG Q (P)e~^ 

can be presented as 

G Q (P°, P) = -2% J ds(XQ 2 x ) Fs ((M^ - P 2 - z0y l XQ 2 x ) Ps = -2tX + { - AJ(p 2 ^ p0 - . Q)) 

We see that formally calculated propagator consists of the singular part 

< Q\TQ{x)Q{y)\0 > sin9 = -2iX5{x - y) 
and of the regular (renormalized) part with the Fourier transformation 

G « n(P °' P) = l + A/(P,i(i*> + iO)) (138) 

However, this difficulty is usual: the T-product is defined up to a quasilocal quantity being proportional 
to S(x — y). Note also that the result ( |138|) is in agreement with the approach based on the summation of 
Feynman graphs Q. 

Thus, we have obtained the following result. 

Proposition 5.3. The average value < 0\Q(x)Q(y)\0 > is Poincare invariant. Its Fourier transfor- 
mation has the form (13b]). 



5.2 The jy 2 Q-average 

The purpose of this subsection is to compute the average values 

Fifayiz) =< 0\W 2 (x,y)Q(z)\0 >, F 2 (x,y,z) =< 0\Q(z)W 2 (x,y)\0 > . (139) 

However, explicit formulas for the operators W 2 are complicated, so that direct calculations are too difficult. 
Therefore, the indirect method will be used. First of all, these averages will be calculated at x° = y° > z° 
and z° > x° = y° correspondingly. Then we will investigate the properties of the Fourier transformation 
of the averages. The equations on the averages will be obtained. Then the solution of the equations will 
be found. 

31 



5.2.1 The x° = y°-case 

Consider the average value < 0|Tw 2 (p, 0; k, 0)Qp(t)\0 >. According to subsection IV, 



w 2 (p, 0; k, 0) = p + ^P g (140) 

Therefore, 

<0|Tw 2 (p,0;k,0)Qp(£)|0> 
'"" ''-5 k+p+Pfi [0(-t)(e iMt M- 1 Xn\) p ^+e(t)(e- iMt M- 1 Xn\) p ^} (141) 



(27r) M Y 2uj k u p 
Consider the Fourier transformation of the average fll40| ) defined as 

G(k, p, e)5 k+p , P = J dte~ i£t < 0\Tw 2 (p, 0; k, 0)Q P (t) |0 > . (142) 

One has 



G(k,p,e) 



2(uj k + uj p l ( 1 , 



(2irY\\ u, k u; p i \Ml +p -e*- z0 XQ X J k+p ^ 



2 

2 



Making use of the definition of the operator Mp, we obtain 

G(k, P , £) = - l 2 (^ + ^p) i G -n ( fc + } 



Applying the Fourier transformation to eq.( |142[ ), we obtain that 

< 0\TW 2 (x,y)Q(z)\0 >= -i I "d£ < 0\TQ(£)Q(z)\0 > ren < 0\T<l>{x)<f>(y)\0 >< O|T0(y)0(O|O >, (143) 



provided that x = (x, 0), y = (y,0), z = (z, £), while < 0\T(p(x)<p(y)\0 > is the usual propagator of the 
free scalar field 

< O|T^(x)0(y)|O >= -L^l^e-^^Je-**!* -* !. 

Formula ( |143| ) is valid not only at x° = y° = but also at x° = y° ^ because of translation invariance 
properties (section IV). Note also that formula (|143|) is in agreement with the approach based on the 
summation of Feynman graphs . 

Thus, the following result is obtained. 

Proposition 5.4. The Green function < 0\TW 2 (x, y)Q(z)\0 > has the form t \143j ), provided that 
x° = y°. 

5.2.2 Properties of the WVfield 

Consider the state W 2 (x,y)\0 >. Our purpose is to prove the following property. 
Lemma 5.5. The Fourier transformation 



dyW 2 (x,y)e~ ipy \0> (144) 

vanish at p° < 0. 

Proof. Consider the vector 

J dt y e iEt *w 2 (k, t x , p, t y ) |0 > (145) 
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provided that e > 0. It is sufficient to show that it vanishes. The vector ( |145| ) can be presented as 

C + [a(k,t x ;p,e))\0> 
with the following vector a: 



(a(k,^;p,£)) PV = -e iuJkt * <5 k+P ,P' 



jidk + Up f nAjf N _i/ 2 



1 



1/2 



:(M k+p /2)^,,+ 



(2M k+p j k _ p , 

^ k ^P 2 ^CJkCUp^k + CUp, 

1 1 / 1 M~^ 2 \Q 2 

(2n) d 2u k u p \u k + u p + M k+P k+p X / , 



(146) 



It follows from the definition of the operator Mp that the quantity ( |146| ) vanish. Lemma is proved. 
Corollary. The Fourier transformations 



JF 1 (x,y,z)e ipx dp, j dye'^F, 



2{x,y,z) 



(147) 



vanish at p° < 0. 



5.2.3 Equations for average values 

Let us obtain equations for vacuum averages ( [139| ). It follows from definition (|109|) that 

( d d 



^ dx^ dx 1 * 
' d d 



+ fi 2 \ W 2 (x, y) + Q(x) < O|0(x)0(y)|O >= 0. 
+ A W 2 (x, y) + Q(y) < 0\<j>(x)<j>(y)\0 >= 0. 



\ dyt 1 dy^ 

Here < O|0(x)0(y)|O > is the vacuum average for the free scalar field. 
Thus, we obtain the following statement. 
Proposition 5.6. The functions ( \139j ) obey the following equations: 



+ fi 2 F l (x J y,z)+ < 0\Q(x)Q(z)\0 >< 0\<f>(x)<j>(y)\0 >= 0. 



+ /i 2 F 1 (x, y, z)+ < 0\Q(y)Q(z)\0 >< 0\(f>{x)(f>(y)\0 >= 0. 



+ fi 2 F 2 (x,y, z)+ < 0\Q(z)Q{x)\0 >< O|0(x)0(y)|O >= 0. 



+ /i 2 F 2 (x,y,z)+ < 0\Q(z)Q(y)\0 >< O|0(x)0(y)|O >= 0. 



( 9 


d 


\ dx^ dx^ 


( d 


d 


\dy» 


QyV- 


( 9 


d 


\ dx^ dx^ 


(9 


d 



dyf 1 dy^ 



(148) 



Let us prove the following lemma. 

Lemma 5.7. Let Fx(x,y,z) and F 2 (x,y,x) be distributions obeying the following properties, 
(a) For some distributions $i and $ 2 

Fi(x,y,z) = ^x(x-z,y-z), F 2 (x,y,z) = ® 2 (x - z,y - z), 



(b) The functions F\ and F 2 obey eqs. ^l^ ). 

(c) The Fourier transformations ( \14V vanish at p° < 0. 

(d) Fx(x,y,z) =<0\TW 2 (x,y)Q(z)\0 > at x° = y° > z°; 
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F 2 {x,y,z) =<0\TW 2 (x,y)Q(z)\0 > at x° = y° < z°. 
Then 

Ffayiz) =< 0\W 2 (x,y)Q(z)\0 >, F 2 {x,y,z) =< 0\Q(z)W 2 (x,y)\0 > . 

Proof. Consider the functions 
F 1 {x,y,z) = Fiix^z)- < 0\W 2 {x,y)Q(z)\0 >, F 2 (x,y,z) = F 2 {x,y,z)- < 0\Q(z)W 2 (x,y)\0 > . 

One has F\ 2 (x, y,z) = $1 2 (x — z, y — z). The functions $1 2 obey the following properties: 

(a) 

(^^ + ^^, y) = o, (^^ + a* 2 )*!^, i/) = o, 

(b) Fourier transformations f dx<&i(x, y)e ipx and f dy&i(x, y)e~ ipy vanish if p° < 0; 

(c) l>i(x, y) = at x° = y° > 0, 
$ 2 (a;, y) = at x° = y° < 0. 

Properties (a) and (b) mean that 

^(x^) = f dkdp{a+ p e- iuJ * x ° +iuj p y ° + a - pe -^^ -^pJ/°] e -ikx-ipy. 

$ 2 (x,y) = f dkdp[[3+ p e luJ * x ° +iuJ v y0 + ^- pe — k-°+^ p2 / ] e -ikx- w 

for some a^ p , /S^p- Property (c) means that 

a + p6 w° + akpe-^^ = 0, x°> 0; 

^e*^* + ^e-^^ = 0, x° < 0. 

We obtain that a^ p = 0, /3^ p = 0. Therefore, $i = 0, $2 = 0. Lemma is proved. 

5.2.4 Explicit form of the averages 

Lemma 5.8. The average values have the form 

F 1 (x,y,z)=<Q\W 2 (x,y)Q(z)\0>= 

]/<%[{< O|T0(x)0(O|O > - < O|0(x)0(O|O >) < 0\Q{£)Q(z)\0 >< O|0(O0(z/)|O > + 

< O|T0(y)0(O|O > - < O|0(y)0(O|O >) < 0\Q{£)Q(z)\0 >< O|0(x)0(O|O > + 

< O|0(x)0(O|O >< O|0(y)0(O|O >< Q\TQ{Z)Q{z)\0 > ren ] 

F 2 (x,y,z)=<0\Q(z)W 2 {x,y)\0>= 

-/#[(< O|T0(x)0(O|O > - < O|0(O0(x)|O >) < 0\Q(z)Q(®\0 >< O|0(O0(y)|O > + 

(< O|T0(y)0(O|O > - < O|0(O0(y)|O >) < 0|Q(«)Q(0|0 >< O|0(x)0(O|O > + 

< O|<KO0Or)|O >< O|0(O0(|/)|O >< 0\TQ(z)Q(O\0 > ren ] (149) 



Proof. It is sufficient to check the conditions of lemma 5.7. Condition (a) is obvious. Eqs. ( |14S| ) are 
corollaries of the property 

/ d d \ 1 

+ /i 2 ) <0\T<f){x)<j){y)\0>=-5{x-y). (150) 



dx^ dx^ J i 
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Let us check the condition (c). Note that the Fourier transformations 

fdxe ipx < O|0(x)0(O|O >, fdxe ipx < Q\Q(x)Q(£)\0 > 

vanish if p° < 0. The same property is also valid for the function 

dxe ipx < O|0(x)0(O|O >< 0|Q(x)Q(O|0 > . 



Since the integral operator with the kernel < O|T0(x)0(£)|O > multiplies the Fourier transformation by 
(/i 2 — p 2 — i0) _1 , the quantity 

r dxe ipx F x (x,y,z) 



vanishes if p° < 0. The analogous property for the function F 2 is checked in the same way. Property (c) 
is checked. 

To check property (d), note that under condition x° = y° > z° the function F\ can be presented as 



d^{< O|T0(x)0(O - <f>(x)<f>(m >< 0\TQ(t)Q{z)\0 > ren < O|T0(O0(|/)|O > + 
d^< O|T0(y)0(O - 0(Z/)0(O|O >< 0\TQ{£)Q(z)\0 > ren < O|T0(x)0(O|O > 

+ Jd£ < O|0(x)0(O|O >< O|0(i/)0(O|O >< 0\TQ($Q(z)\0 > ren } (151) 

since the first and second integrands may be nonzero only at £° > x° = y° > z°. The obtained expression 
coincides with ( p.43| ). Thus, property (d) is checked for the function F\. The check for the function F 2 is 
analogous. Conditions of lemma 5.7 are checked. This implies lemma 5.8. 

5.3 The W2W2- averages 

The purpose of this subsection is to find explicit forms of the average value 

F{x,y : x',y') =< 0\W 2 (x,y)W 2 (x'.y')\0 > (152) 

We consider first the x° = y° > x ' = y ' case. Then equations on the function F will be obtained. The 
solution of this equation will be found. 

5.3.1 The equal-time case 

Consider the Green function 



< 0\Tw 2 (p,t;k,t)w 2 (p',r;k',r)\0 >= J^^J^^6 k+p . y+p , (^_ e -*«^l*-l) 

V ^k^ P V ^k'^p' \2iW k+p J k-p.k'-p 



2 > 2 



and its Fourier transformation 

5 k+P v +p ,G 2 (p,k,p',k',e) = Jdte t£t < 0\Tw 2 (p,t;k,t)w 2 (p',0;k',0)\0 > (153) 

One has 

n ( 1 / 1 / \ /^ k + W p luu + U p > 1 ( 1 \ 

G f 2 (p,k,p,k,e) = 



a; k a;p y uv^p' i \ M£ +p - e 2 - iO / k _ p k /_ p / 
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Making use of the definition of the operator Mp, we obtain: 



<^2(p,k,p,k,£:) = . J — ■ -{d k - P k'-p' +d k _p P /- k / ) 

y UJ^LUp y UJ^iLUpi Zl [Uk + COp) — £ — %\J 2 > 2 2 ' 2 

1 u k + Up ujy + ay 1 1 

(27r) d 2cj k w p 2a; k /uy (cu k + u p ) 2 - e 2 - iO (uv + cy) 2 - e 2 - iO Q l ' ; ' 



(154) 



Applying the Fourier transformation to expression ( |153| ), we obtain that 

<0\TW 2 (x,y)W 2 (x',y')\0>= 
< O|T0(x)0(x')|O >< 0\T(j>(y)(f)(y')\0 > + < Q\T<j>{x)<j>{i/)\0 >< O|T0(y)0(x')|O > - 

d&e < 0|TQ(OQ(O|0 > ren < O|T0(a;)0(O|O >< O|T0(y)0(O|O > 

< O|T0(O0(z')|O >< O|T0(O0(l/')|O > 



(155) 



provided that x° = y° = t, x ' = y ' = r. Eq.( |155|) is in agreement with the approach based on summation 
of Feynman graphs. 

We have obtained the following statement. 

Proposition 5.9. The Green function F has the form ( 155 ) at x° = y°, x ' = y ' . 



5.3.2 Equations for average values 

The following statements are analogs of proposition 5.6 and corollary of lemma 5.5. 
Proposition 5.10. The function F ( 152J obeys the following equations 



' +fi 2 )F(x,y,x',y') = -< 0\<P(x)<P(y)\0 >< 0\Q(x)W 2 (x' ,y')\0 >, 



dx^ dx^ 



+ }S)F(x,y,x',y') = - < 0\<f>{x)(f>{y)\0 >< 0\Q{y)W 2 (x',y')\0 >, 



dyv Qyt- 



( ( +/j / 2 )F(x,y,x',y') = -< O|0(z')W)|O >< 0\W 2 (x',y')Q(x')\0 >, 



^dx /fl dx ,fl 
' d d 



+ fi 2 )F(x,y,x',y') = -< O|0(a/)0(i/)|O >< 0\W 2 (x' ,y')Q(y')\0 >, (156) 



V dy'v dy'v , 

Proposition 5.11. The Fourier transformations 

J dxe ipx F(x, y, x\ y'), J dy'e'™ 'F(x, y, x f , y') (157) 

vanish at p° < 0. 

Lemma 5.12. Let F(x,y,x',y') be a distribution obeying the following properties: 

(a) the function F obey eq. (\15b\ ); 

(b) the Fourier transformations l\157 ) vanish at p° < 0; 



(c) at x° = y° > x ' = y ' 

F(x, y; x', y') =< 0\TW 2 (x, y)W 2 (x', y')\0 > , 

Then 

F(x,y;x',y') =< 0\W 2 (x,y)W 2 (x',y')\Q > . 
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Proof. Consider the function 

F{x, y\ x', y') = F{x, y; x', y')- < Q\W 2 (x, y)W 2 {x', y')\0 > 

obeying the properties: 

(a) 

(-LtL + ^ 2 ) ^ ^ x/ ' y,) = °' [ww + " a ) ^ y ' x/ ' y,) = °' 

(b) the Fourier transformations 

^dxe^F{x,yix',y')i / dtfe-™ F{x,y,v! ,tf 

vanish at p° < 0. 

(c) F(x, y; a/, y') = at x° = y° > x ' = y 0/ . 
Therefore, 

F(x,y;x',y') = I dkdpdk'dp'[ai+ k/pf e^ x0+ ^ y0+ ^' x °'-^' y0 ' + a + pV ^^ +^y -^-°'-^>y ' 

+a — h , /e iuj ^x°-iujpy +iuj k ,x '~iuj p ,y ' _|_ ft ^ ^ e i^ k z°-iw p j/ -jt<; k /x- '-iw p /|/ 'j e -i(kx+py+k'x'+p'y') (159) 

Relation (c) implies that 

"kpk'p' + "kpk'p' + "kpk'p' e + "kpk'p' — U 

at x° = y° > x ' = y '. Therefore, all a vanish, so that F — 0. Lemma 5.12 is proved. 

5.3.3 Explicit form of average values 
Lemma 5.13. The function F has the form 

F(x,y;x',y') =< O|0(x)0(x')|O >< 0\<Ky)<f>(i/)\Q > + < 0\<t>(x)(/>(y')\0 >< 0\<f>(y)^)\0 > 
-ijd£< O|0(x)0(O|O >< O|0(y)0(O|O >< 0\TQ(OW 2 (x',y')\Q > - 

ijdi[< O|T0(x)0(O - 0(x)0(O|O >< O|0(O0(l/)|O > 

+ < O|T0(y)0(O - 0(i/)0(O|O >< O|0(x)0(O|O >] < 0|Q(OW'2(x , ,y , )|0 > 

+ /«' < O|T0(x')0(£') - 0(^)0(010 >< 0\T<f>(£)<f>(y') - 0(e / )0(2/')|O > 

x < O|0(x)0(O|O >< O|0(y)0(O|O >< 0|TQ(0g(O|0 >, 

(160) 



where < 0\TQ(^)W2(x' : y')\Q > is the function of the form ([TJ3) 



Since the straightforward check of the conditions of lemma 5.12 is analogous to proof of lemma 5.8, 
proof of lemma 5.13 is obvious. 

Corollary. The function F is Poincare-invariant: 

F(x, y; x , y') = F(Ax + a, Ay + a, Ax' + a, Ay' + a). 
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5.4 Check of Poincare invariance 

First of all, note that all Wightman functions are Poincare invariant. 
Lemma 5.14. The following property is satisfied: 

< 0\W 2 (x 1 ,y 1 )...W 2 (x n ,y n )\0 >=< 0|W" 2 (Aari + a, Ay! + a)...W 2 (Ax n + a,Ay n + o)|0 > . 

To prove this lemma, it is sufficient to notice that operators W 2 (x, y) are linear combinations of creation 
and annihilation operators, so that the Wick theorem is applicable. 
Lemma 5.15. 

1. There exists a unique unitary operator U AyCL obeying the properties: U AtCt \0 >= |0 >, 

U A , a W 2 {x u yi )...W 2 {x n , y n )\0 >= W 2 (Ax x + a, A Vl + a)...W 2 {Ax n + a, Ay n + a)|0 > (161) 

2. The group property (\12ty) is satisfied. 

3. The invariance property ( JSU) is satisfied. 



Proof. Let W 2 [f] = J dxdyW 2 (x,y)f(x,y), 



N 



$ = c|0 > + X! W 2 [f n , x \...W 2 [f n , in \\{) > (162) 



n=l 

Set 

N 

C/ A , a $ = c|0 > + Y, W 2 [u A>a f n>1 ]...W 2 [u Aja f njin }\0 > 



n=l 

with 

(u A , a f)(x,y) = /(A _1 (x-a),A _1 (y-a)). 

It follows from lemma 5.14 that (U A ^ a Q, U A ^ a Q) = ($,<L>). This means that U A ^ = 0, provided that 
$ = 0. Thus, the mapping U^ a : T> —> T> is defined (here T> is a set of all vectors of the form ( |161| )). This 
mapping is a linear isometric (and therefore bounded) operator, while T> is a dense subset of T . Therefore, 
the operator \J Aa can be uniquely extended to the space T . Thus, there exists a unique isometric operator 
U A-a obeying the property ( |161| ). 

Check the group property. Consider the operator 

V = U Altai UA 2<a2 U(( AlAl )( A2a2 ))-i . 

It satisfies the property: 

VW 2 (x 1 ,y 1 )...W 2 (x n ,y n )\0 >= W 2 {x x ,y x )...W 2 {x n ,y n )\Q > 

Thus, V = 1. The group property is checked. One analogously proves that U^ l a = Ur Aa \-i, so that the 
isometric operator U Ata is unitary. 
One also has 

U A , a W 2 (x : y)U^ a W 2 (x uyi )...W 2 (x n , y n )\0 >= W(Ax + a,Ay + a)W 2 (xi,yi)...W 2 (x n , y n )\0 > . 

Thus, the property (|130|) is satisfied on the subspace V C T . Lemma 5.15 is proved. 



Thus, we have checked the property of Poincare invariance of the theory. 
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6 Conclusions 

An old problem of axiomatic and constructive field theory is to construct a nontrivial model of relativistic 
QFT which obey Wightman axioms. The known models successfully constructed in 2 and 3-dimensional 
space-time do not contain such difficulties as Stueckelberg divergences and infinite renormalization of the 
wave function. 

Large- iV conception enables us to construct a wide class of relativistic quantum theory models. One 
the one hand, these models are trivial since the Hamiltonian is quadratic with respect to creation and 
annihilation operators. On the other hand, such phenomena as bound states, quasistationary states and 
scattering processes are successfully prescribed by the quadratic Hamiltonian of the model. 

A suitable language to describe the states and observables of the large- N theory in the leading order 



of 1/iV-expansion is the notion of third quantization introduced in quantum cosmology [IS, 20 1 in order 
to describe processes with variable number of universes. 

The third-quantized model considered in this paper may be viewed as a large- N limit of the ordinary 
field theory. However, it can be also interpreted as an independent model of relativistic quantum theory. 
We have seen that such properties as renormalizability are satisfied in higher dimensions with respect to 
ordinary field theories (cf-lpll): the model (fT7|) is renormalized at d+1 < 5, while the ((p a (p a ) 2 -model is 



renormalized at d + 1 < 4 only. Thus, usage of third-quantized models leads to new types of renormalizable 
theories in higher dimensions. 

For the simplicity, we have considered the large-iV approximation for the (if a if a ) 2 -model only. One 
can also consider the <y9 a <^ a $-model. For this case, the phenomenon of infinite renormalization of the wave 
function should be investigated: it happens that indefinite inner product should be introduced in the state 
space [El . Investigation of the large- N QED in the third-quantized formulation gives us a good example 



of renormalizable gauge theory beyond perturbation theory. 
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A Some properties of the Fock space 

Let H be a Hilbert space. Denote by 7{® n — TC (g> ... ® TC the n-th tensor degree of space TC. Let tt be 
a transposition (tti, ...,tt„), 1 < 7i"i ^ ... ^ ir n < n of numbers (1, ...,n). Consider the operator 7r in TC® n 
which is uniquely defined from the relation 

7r(ei <g> ... ® e n ) = e ni <g> ... <g> e nn , e 1 ,...,e n eH. 

By Sym we denote the symmetrization operator 

n! V 

which is a projector. Introduce the notation TC n = SymTC® n for the symmetrized n-th tensor degree of 
TC. Denote also H v0 = C. 

Lemma A.l. The set {f® n = f ® ... <g> f\f e H} is a total set in H yn . 

Proof. Let $„, G H Vn , $ n _L / ® ... ® / for all f EH. It is necessary to prove that $ n = 0. For 

/ = aieiH- ... + a n en, ai,...,a ft eC, e 1 ,...,e n eH 
one has 

n 

0= Yj a: il ...a in ($ n ,e il ® ... ®e in ). 



ii ...i„,=l 
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The right-hand side of this relation is a polynomial in ai, ..., a n . The coefficient of a\...a n should be equal 
to zero: 

n\(<k n ,Symei (g) ... <g> e n ) = 0. (163) 

Relation (|163|) is satisfied for all ei, ..., e n G 7i. 



Let /i, / 2 , ... be an orthonormal basis in 7Y. Then {f ix (g) ... g) fi n ,h, ■■•,z n = 1, oo} is an orthonormal 
basis in H®" - . The vector <L> n can be presented as 

oo 

$n= E *L.i./<l ® - ® A.- 

h...i n =l 

Since 

OO 1 

ii...i n =l 7i " 

$„ G 7i Vn if and only if $£ ^ is symmetric with respect to transpositions of i 1( ...,z n . 
For symmetric $ n one has 

{Symf jl <8>...f Jn ,* n ) = *l..j n . 

Thus, eq.( |163| ) implies that $£ .$ = and $ n = 0. Lemma is proved. 
Definition A.l. The space 

is a Fock space. 

Let feH. The creation and annihilation operators A+(f) : H yn ~ l -> ft Vn , A"(J) : ft Vn -» ft^ 1 
are defined from the relations: 

-r n— 1 

^(/)e 8B = A/n(/,e)c 8B - 1 . (164) 



Lemma A. 2. ITie definition f \164 ) is correct. A„(f) are bounded operators and \\A^(f)\\ < \/n||/||. 
Proof. One has 

i i n— 1 

IK(/)Eer _1 ll<4llE^ ®/®ef (n - fc - 1) n = ^5:il/IIIIEef n - 1 ll = v^ll/llllE^ n - 1 ll- 

» V ra i V n fc=0 i t 

ii^(/)Eerii 2 = ii^ + i(/)Eerii 2 -ii/ii 2 iiEerii 2 <^ii/ii 2 iiEern 2 - 

Lemma 2 is proved. 

Definition A. 2. The operators 

A + (f)(%, $ l7 $ 2 , ...) = (o, A+(m , Aumu -) 
A-(/)($ , $i, •••) = (^r(/)*i, ^(/)*», •••) 

are called creation and annihilation operators in the Fock space. The finite vectors of the form 
($o, •••, 3>n, 0, 0, ...) belong to the domains of A ± (f). 

Definition A. 3. The vector |0 >= (1,0,0, ...) is a vacuum vector. 

Lemma A. 3. The vector f = (0, ..., 0, Symf\ <g> ... g> / n , 0, ...) can be presented as 

f = ^=A + (f 1 )...A + (f n )\0> 
\/n\ 
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The proof is straightforward. 

Lemma A. 4. The following commutation relations take place 

[A ± {f 1 ),A ± {f2)] = 0, [A-(fi),A + (f 2 )} = (A, A). 

The operators A + (f) and A~(f) are conjugated. 

Definition A. 4. A coherent state C(f) is a vector <L> G J 7 of the form C(f) = $ = ($ , $ 1; ..., <L> n , ...) 

with$ n = j is f® n . 

Lemma A. 5. The following relations take place: 

(C(f),C(f)) = exp(fJ), A-(f)C(g) = (gJ)C(g). 

Lemma A. 6. Let g G H and g n , n = 1, 2, ... be such a sequence of elements ofH that \\g n — g\\ -^n^oo 0. 
Then\\C(g n )-C(g)\\-^ n ^ oo 0. 
Proof. Let £ n = g n — g ■. Then 

\\C(g + £„) ~ C{g)\\ 2 = e M[eWe (w e w - e { ^ 9) - e^ n) + 1] -^^ 0. 

Lemma A.7. The set {C(f)\f G H} is a total set in F(H). 

Proof. Let $ = ($„, $i, -, $n, •••) J- C(a/) for all a G C and / G W. Therefore, 

00 a n 






The series absolutely converges for all a because of the Cauchy-Bunyakovski inequality. Therefore, 
(f® n 1 $ n ) = for all /, so that $ n = 0. Lemma is proved. 

Lemma A. 8. Let H = Hi @H 2 . Then there exists a unique isomorphism I : J 7 (Hi) ®^ r (7^ 2 ) — * T^H) 
such that 

I(C(fi) ® C(/ 2 )) = C(A © A), f lE Hi,f 2 e H 2 . (165) 



Proof. The mapping (|165|) conserves the inner product. Therefore, formula (|165|) uniquely defines an 



isometric operator. Lemma A. 7 applied for the space J-(7i) implies that the set I(C(fi) ®C(A)) is a total 
set in J-"(H), so that I (J 7 (Hi) © J 7 (H 2 )) = J-(H). Thus, J is an isomorphism. Lemma is proved. 
Lemma A.9. Let f = f\ + f 2 , f\ G Wi, f 2 G W 2 . T/ien 

1-^(^1 = A±(A) © 1 + 1 © A±(/ 2 ). (166) 

Proof. It is sufficient to note that the matrix elements of the left-hand and right-hand sides of eq.(|166[) 



between C(f x ) <g> C(f 2 ) and C(f\) <g> C(f 2 ) coincide. 

Let U be a bounded operator in H. By U(U) we denote the operator U(U) : J-"(H) —* T^H) of the 
form 

u(u)(f , A, .-, /„, -.) = (A, ufi, u © c/a, ..., u®"f n , ...). 

Let 7i be a self-adjoint operator in H. Consider the one-parametric group of unitary operators e~ lHt . The 
operator-valued mapping t h- > U(e~ lHt ) can be also viewed as a one-parametric group. According to the 
Stone theorem, it has the form 

U(e~ im ) = e~ l ^ H)t 

for some self-adjoint operator J-(H) in J-(H). The explicit form of this operator is 



n-l 



(HH)f)n = £ 1®* ® # <8> l® (n " fc_1) A- 



fc=0 
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Let (pi, (f2, ... be an orthonormal basis in 7i. Let 



Proposition A. 10. 



ij=l 



ij=l 



The proof is straightforward. 

Lemma A. 11. Le£ C/ 6e an unitary operator inTi, f £ 7^. T/zen 

U{U)A ± {f)U{U)- 1 = A ± (Uf). (167) 

To prove the lemma, it is sufficient to consider the matrix elements of the sides of eq. (|167|) between 
coherent states. 

Formulate now some results concerning vector and operator distributions. Let iS(R n ) be a space of 
complex smooth functions u : R n — > C such that 



d ai+ - an u(x) 



\u\\i, m = _ max _ sup(l + |s|) m | Q ^_ | -^co 0. 



We say that the sequence {«fc} G <S(R n ), fe = 1, oo tends to zero if 

||" , fc||Z,m ^fc— »oo U 

for all Z, m. 

Definition A. 5. Let 7i be a Hilbert space. A vector distribution f on R n is a linear mapping f : 
S(R n ) -► H such that ||/(w fe )|| -*fc-^oo if u k -^ k ^oc 0. 

Remark. We will write f(cp) = J dxf{x)uo{x) and say that f(x) is a vector distribution of the argument 
x E R n . 

Lemma A. 12. Let f : R™ — > 7i be a strongly continuous bounded vector function. Then f(ip) = 
f dxf(x)(p(x) is a vector distribution. 

Lemma A. 13. Let f be a vector distribution. Then -^ is a vector distribution. 

The proof is straightforward. 

Definition A. 6. Let T> dTi be a dense subset ofTi. An operator distribution A is a linear mapping 

up e S{R n ) ^ A{ip) :V^V 

such that for all $ gD the mapping uo \— > A (ip)<& is a vector distribution. 

Let V be a subset of the Fock space J-(7i) which consists of all finite vectors (/o, /i, ..., fk, 0, ...). 
Lemma A. 14. Let f be a vector distribution. Then A (/) is an operator distribution. 
Investigate now the cyclic property of the vacuum vector. 
Let Q eTCQ'H. Consider the operators 

B(f } g) = A + (f) + A~(g), (f,g)eQ. 

By Ii : TC © H — > Ti we denote the operator Ii(f, g) = f. 

Lemma A. 15. Let I\Q be a dense subset ofH. Then the set of all linear combinations 

J2 C n B (fn,l,9n,l)- B (fn,k n ,9n,k n )\0>, (fiM , 9i,k J £ Q (168) 

n 
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is dense in Ti^H). 

Proof. Let $ G JF(7Y). One should prove that it can be approximated by the linear combination 
(|168|) . Lemma A. 7 implies that it is sufficient to prove this statement for the coherent states C((p). 
Choose such a sequence /„ G I\Q that f n — > <p. Lemma A. 6 implies that C(ip) can be approximated 
by C(f n ). Furthermore, the coherent state C(f n ) can be approximated a by finite linear combination of 
vectors (A + (f n )) m \0 >. For some g n one has (f n ,g n ) £ Q- The vector (A + (f n )) m \0 > can be presented as 
a linear combination of vectors (B(f n ,g n )) k \0 >, Lemma A. 15 is proved. 



B What is field? 

In section IV we have investigated the commutation rule between operators ■h J2a=i i P a ( x i)--- L P a ( x k) and 
multifield canonical operator 



jV 



N 



£ y a {xi)...ip a (x k )K N = K N [($ , </>(>i 



[Xk 



)%) + N~ 1 / 2 W k (x 1 ,...,x k ) + 0(N- 1 )] 



0=1 



The operators Wk(xi, ...,Xk) acting in the space fl43f) of the theory of infinite number of fields were inter- 
preted as multifield operators. 

The purpose of this appendix is to construct analogs of the operators ip a (x) in the N = oo-theory. 

One can notice that conception of symmetric states only is not valid for this purpose. If the 
state ^at^ 1 , ..., ip N ] were symmetric with respect to transpositions of the fields ip 1 , ... ,<p N , the state 
(P 1 ('x)^/n[<P 1 , ■■■, <p N ] is not symmetric. Thus, it is necessary to consider the nonsymmetric solutions of 
eq.(|). 

Consider the states of large- iV theory which are symmetric with respect to N — s fields <p s+1 , ■■■,<p N 
only, where s is a finite quantity. Analogously to eq.(|J), let ^n be of the form 



N ~ s ^fh\ 

(**/)bV..,^] = £^ E 

fc=0 s+l<ai<...<a fc <AT 



av,...,^,^,...,^] n $ obi 

a>s,a^ai...afc 



where f k [(p x , ..., y? s , <f>\ 
obeying the condition 



are functionals being symmetric under transpositions of fields 1 , 



jD<p 1 m<f )1 ]f k [ V i ,..., ¥ > s ,<f ) i ,...,<p k ] = o. 

We see that states under consideration are specified by infinite sets 

/ fo[<p\-,<P s } \ 

f 1 [^,..., l p s ,cj ) 1 } 



(169) 

!> fc and 
(170) 



fkicp 1 , ...,</, 1 , ...,4> k ] 

The state space is then isomorphic to 



V 



(171) 



oo ijVn\ 



T s = H® s ® H®n={H 



(172) 



Since the symmetric state can be viewed as a state of the form ( |169|) , there should be exist an operator 
I s : JF — » T s such that 

K%I s f = K N f. 
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Let us present the explicit form of the operator I\ . One has 

N Jw 

(K N f)[ v \..., v N ] = Y,^- 2 E hb a \-,v ah ] II *ob 8 ] = 

fc=0 l<ai<...<aj = <A r a^ai...aj. 

E^ E Ab 1 ,^,-.,^] II *ob a ] + 

fc=0 2<a2<...<a^<N a^l,a.2,...,a,i c 

E^ob 1 ] E Ab" 1 ,-,^] II *oM. (173) 

fc=0 2<ai<...<a fc <A r a^l,a 2 ,...,a fc 

We see that 

(hf) k {v\<P\...,<P k ] = MvVki<P\---A k } + N-^iA-iv 1 ]/)^ 1 , ...,/]. (174) 

One can also perform the symmetrization procedure for the vector (|169|) and obtain the symmetric state. 
Therefore, there should exist an operator S s : T s — > Tq such that 

SymK' N f = K N SJ. 

Construct the operator S\. If 

J D(p 1 f k [<p 1 ,<l> 1 ,...,<f]& o [<p 1 ] = 0, (175) 

one obtains from direct calculation that 

If 

f k [ V \<P\...^ k } = %[ V l }g k [<P\...,<P% (176) 

then 

N — k 

{S x f) k [4>\...,<t> k ] = ^^g k [4>\...^ k }- 

Generally, f k can be viewed as a superposition of vectors obeying conditions ( |175| ) and ( p.76| ) correspond- 
ingly, so that 

(SJM0 1 , ..., fc ] = [1 - £] J D V %[ V ]f k [ Vl <j>\ ..., <f> k ] + N- 1 ' 2 J D<p{A+[<p]f) k [<p, 4>\ .... 01- (177) 

The Schrodinger field </3 1 (x) in ^ may be viewed as an operator of multiplication by y ,1 (x), since 

^(x)i^ = i^VW- 
The multifield can be constructed from the field (p 1 as 

yV N ,k{xi,-,x k ) = S 1 (p 1 (x 1 )...<p 1 (x k )h (178) 

since 

1 * 
ttE^^iI-ZN = Symcp {xi)...(p {x k ). 

iV 0=1 



One can notice from eqs. (|174 ) and (|177| ) that formula ( |178| ) is in agreement with the results of section IV. 



To construct the Heisenberg field operator tp l {x) : J-\ — > F\, it is necessary to commute the Hamiltonian 
operator TCn with the operator Kjj. We obtain: 

H N K l N = K l N H l N , (179) 
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where 

' ""' +W) 2 (x) + ^(x)) 



1~C N = 1~Ln + / dx. 



+ 0(N' 



-1/21 



2<V(x)<V( x ) 2 r ' v 7 2 
Therefore, the Heisenberg operator 

coincides with the operator of the free scalar field up to 0(N~ l l 2 ). Therefore, for operator VVV.fc one has 
W N , k (x h ...,x k ) = f Dip 1 %[p 1 ]ip\x 1 )...ip\x k )§ Q [ip 1 \+0(N- 1 > 2 ). (180) 



This result confirms the hypothesis of section IV. 

In order to obtain the explicit form of the 0(iV _1 / 2 )-term of formula ( |180| ), it is necessary to compute 
the 0(iV~ 1 / 2 )-term in eq. (|179|) . The result is in agreement with section IV. 
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